Published by Institute of Physics Publishing for SISSA/ISAS Received: September 11, 2003 Revised: October 9, 2003 Accepted: October 10, 2003

Interactions of a single massless tensor field with the mixed symmetry (3,1). No-go results

Constantin Bizdadea, Costin Cătălin Ciobîrcă, Eugen Mihăiţă Cioroianu, Iulian Negru, Solange-Odile Saliu and Silviu Constantin Săraru

Faculty of Physics, University of Craiova 13 A. I. Cuza Str., Craiova 200585, Romania E-mail: bizdadea@central.ucv.ro, ciobarca@central.ucv.ro,

manache@central.ucv.ro, inegru@central.ucv.ro, osaliu@central.ucv.ro,
scsararu@central.ucv.ro

Abstract: Non-trivial consistent interactions of a single massless tensor field t_{λμν|α} with the mixed symmetry corresponding to the two-column Young diagram (3,1), dual to linearized gravity in D = 6 space-time dimensions, are studied in the following cases: selfcouplings, cross-interactions with a Pauli-Fierz field and cross-couplings to purely matter theories. Our approach is based on the deformation of the solution to the master equation from the antifield-BRST formalism by means of the local cohomology of the BRST differential. Our main results, obtained under the assumptions that the emerging interactions are local, smooth, Lorentz-covariant, Poincaré-invariant and of maximum derivative order equal to two, can be synthesized into: no consistent self-couplings exist; no cross-interactions with the Pauli-Fierz field can be added; no non-trivial consistent crosscouplings to the matter theories are allowed.

Keywords: BRST Symmetry, BRST Quantization.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep102003019 /jhep102003019 .pdf

Contents

1. Introduction 2

2. Free model: lagrangian action and gauge invariance 3

3. Antibracket-BRST symmetry of the free model 8

4. Brief review of the antifield-BRST deformation procedure 11

5. Self-interactions 12 5.1 H (γ) and H (δ|d) 14 5.2 The case I = 4 19 5.3 The case I = 3 21 5.4 The case I = 2 22 5.5 The case I = 1 23 5.6 The case I = 0 25

6. No consistent cross-interactions with the Pauli-Fierz field 28 6.1 Free model and BRST symmetry 28 6.2 H (γ) and H (δ|d) 31 6.3 The case I = 4 34 6.4 The case I = 3 37 6.5 The case I = 2 38 6.6 The case I = 1 39 6.7 The case I = 0 41

7. Couplings to matter: broken Poincaré invariance 44 7.1 “Free” model and BRST description 44 7.2 H (γ) and H (δ|d) 45 7.3 The case I = 1 47 7.4 Higher-order deformations 50

8. Conclusion 51

A. Cohomology of γ in the space of invariant polynomials 51

B. Some results on the invariant cohomology H^{inv} (δ|d) 53

C. Elimination of (a_k)_{k>4} from the first-order deformation 59

– 1 –

1. Introduction

Tensor fields in “exotic” representations of the Lorentz group, characterized by a mixed Young symmetry type [1]–[5], appear in the context of many physically interesting theories, like superstrings, supergravities or supersymmetric high spin theories. Such models held the attention lately on some important issues, like the dual formulation of field theories of spin two or higher [6]–[11], the impossibility of consistent cross-interactions in the dual formulation of linearized gravity [12] or a lagrangian first-order approach [13, 14] to some classes of massless or partially massive mixed symmetry-type tensor gauge fields, suggestively resembling to the tetrad formalism of General Relativity. An important matter related to mixed symmetry-type tensor fields is the study of their consistent interactions, among themselves, as well as with higher-spin gauge theories [15]–[18]. Beyond any doubt, the best approach to this problem is the cohomological one, based on the deformation of the solution to the master equation [19]. The purpose of this paper is to investigate the smooth, local, consistent interactions that involve a single free massless tensor gauge field t_{λμν|α} with the mixed symmetry of a two-column (3,1) Young diagram in three distinct situations: self-couplings, interactions with the massless spin-two field, described in the free limit by the Pauli-Fierz action [20], and couplings to purely matter theories. It is worth mentioning the duality of this model to the Pauli-Fierz theory in D = 6 dimensions and, in this respect, the recent developments concerning the dual formulations of linearized gravity from the perspective of M-theory [21, 22, 23]. Although the appropriate algebraic-differential settings for handling gauge theories involving exotic representations of the Lorentz group are those of hyperforms [24] and multiforms, the latter one being related to the N-complexes associated with higher spin gauge theories [25], we will avoid their usage in extenso here due to the rather few indices carried by the relevant tensor fields.

Our analysis relies on the deformation of the solution to the master equation by means of cohomological techniques. For each situation, we initially determine the associated free antifield-BRST symmetry s, which splits as the sum between the Koszul-Tate differential and the exterior longitudinal derivative only, s = δ + γ. Then, we solve the basic equations of the deformation procedure with the help of the corresponding local BRST cohomology. Under the supplementary assumptions of Lorentz covariance, Poincaré invariance and the maximum derivative order of the interacting lagrangians being equal to two, we prove the following no-go results:

• there are no consistent and non-trivial self-interactions for the tensor t_{λμν|α};

• there are no consistent cross-interactions between such a tensor field and the Pauli- Fierz model. Only the Pauli-Fierz theory gives rise to consistent self-interactions, described by the Einstein-Hilbert action with a cosmological term, invariant under diffeomorphisms;

• there are no cross-couplings to purely matter fields.

– 2 –

The paper is organized in eight sections. In section 2 we expose the lagrangian formulation of the free massless tensor gauge field t_{λμν|α} and in section 3 we focus on the construction of the associated BRST differential. Section 4 briefly reviews the main ingredients of the antifield-BRST deformation procedure, while the following three sections are devoted to the study of the consistent deformations for this type of mixed symmetry tensor field in the context of self-interactions, cross-couplings to the Pauli-Fierz field, and respectively cross-interactions with purely matter theories. Section 8 ends the paper with the main conclusions. The paper also contains an appendix section, dedicated to the proofs of some useful cohomological results related to the tensor field t_{λμν|α}.

2. Free model: lagrangian action and gauge invariance

We begin with the lagrangian action

S_0 [ t_{λμν|α} ] = ∫ d^Dx ( 1 2 (( ∂^ρt^{λμν|α} ) ( ∂_ρt_{λμν|α} ) − ( ∂_αt^{λμν|α} ) ( ∂^β t_{λμν|β} )) − − 3 2 (( ∂_λt^{λμν|α} ) ( ∂^ρt_{ρμν|α} ) + ( ∂^ρt^{λμ} ) (∂_ρt_{λμ}) ) + + 3 (( ∂_αt^{λμν|α} ) (∂_λt_{μν} ) + (∂_ρt^{ρμ}) ( ∂^λt_{λμ} ))) , (2.1)

in D ≥ 5 space-time dimensions, where t_{λμν|α} is a tensor field with the mixed symmetry of the two-column Young diagram t_{λμν|α} = λ α μ ν . (2.2)

It is thus completely antisymmetric in its first three indices t_{λμν|α} = −t_{μλν|α} = −t_{λνμ|α} = −t_{νμλ|α} , (2.3) and satisfies the identity t_{[λμν|α]} ≡ 0 . (2.4) Here and in the sequel the notation [λμ · · · ν] signifies antisymmetrization with respect to all the indices between brackets, but without normalization factors. For instance, the left-hand side of (2.4) is equal by our convention to t_{[λμν|α]} = t_{λμν|α} − t_{λμα|ν} + t_{ναλ|μ} − t_{ναμ|λ} . (2.5) The trace of t_{λμν|α} is defined by t_{λμ} = σ^{να}t_{λμν|α} , (2.6) and it is obviously an antisymmetric tensor

t_{λμ} = −t_{μλ} . (2.7)

Everywhere in this paper we employ the flat Minkowski metric of ‘mostly plus’ signature σ^{μν} = σ_{μν} = (−, + + + + · · ·).

– 3 –

A generating set of gauge transformations for the action (2.1) is given by δ_{ϵ,χ}t_{λμν|α} = 3∂_αϵ_{λμν} + ∂_{[λ} ϵ_{μν]α} + ∂_{[λ} χ_{μν]|α} = −3∂_{[λ} ϵ_{μνα]} + 4∂_{[λ} ϵ_{μν]α} + ∂_{[λ} χ_{μν]|α} , (2.8) where the gauge parameters ϵ_{λμν} determine a completely antisymmetric tensor

ϵ_{λμν} = λ μ ν , (2.9)

and the other set of gauge parameters, χ_{μν|α}, displays the mixed symmetry associated with the two-column Young diagram χ_{μν|α} = μ α ν , (2.10) such that they are antisymmetric in the first two indices χ_{μν|α} = −χ_{νμ|α} , (2.11) and satisfy the identity χ_{[μν|α]} ≡ 0 . (2.12) (Coming back to our antisymmetrization convention, there are only four terms in the first piece from the right-hand side of (2.8) (the second line), ∂_{[λ} ϵ_{μνα]} = ∂_λϵ_{μνα} − ∂_μϵ_{λνα} + ∂_ν ϵ_{αλμ} − ∂_αϵ_{νλμ}, and, along the same line, the left-hand side of (2.12) contains three terms χ_{[μν|α]} = χ_{μν|α} +χ_{να|μ} +χ_{αμ|ν} .) It is easy to see that the identity (2.12) is necessary in order to ensure that the gauge variation of the tensor field also obeys the identity (2.4) checked by the field itself, δ_{ϵ,χ}t_{[λμν|α]} ≡ 0 . We observe that if in (2.8) we make the transformations ϵ_{μνα} → ϵ^{(ω,ψ)}_{μνα} = − 1 2 ∂_{[μ} ω_{να]}, (2.13) χ_{μν|α} → χ^{(ω,ψ)}_{μν|α} = ∂_{[μ} ψ_{ν]α} + 2∂_αω_{μν} − ∂_{[μ} ω_{ν]α} , (2.14) with ω_{να} antisymmetric and ψ_{να} symmetric (but otherwise arbitrary) ω_{να} = −ω_{αν} , ψ_{να} = ψ_{αν} , (2.15) then the gauge variation of the tensor field identically vanishes δ_ϵ(ω,ψ)_{,χ}(ω,ψ) t_{λμν|α} ≡ 0 . (2.16) Moreover, if in (2.13)–(2.14) we perform the changes ω_{να} → ω^{(θ)}_{να} = ∂_{[μ} θ_{ν]}, (2.17) ψ_{να} → ψ^{(θ)}_{να} = −3∂_{(μ} θ_{ν)}, (2.18)

– 4 – with θ_ν an arbitrary vector field, where (μν · · ·) signifies symmetrization with respect to the indices between parentheses without normalization factors, ∂_{(μ} θ_{ν)} = ∂_μθ_ν + ∂_ν θ_μ, then the transformed gauge parameters (2.13)–(2.14) identically vanish ϵ(^{ω(θ),ψ(θ)}) μνα ≡ 0 , χ(^{ω(θ),ψ(θ)}) μν|α ≡ 0 . (2.19) Meanwhile, there is no non-vanishing local transformation of θ_ν that simultaneously annihilates ω^{(θ)}_{να} and ψ^{(θ)}_{να} of the form (2.17)–(2.18), and hence no further local reducibility identity. All these allow us to conclude that the generating set of gauge transformations (2.8) is off-shell second-stage reducible. It is obvious that the accompanying gauge algebra is abelian.

The field equations associated with action (2.1) are Σ : δS_0 δt_{λμν|α} ≡ −T^{λμν|α} ≈ 0 , (2.20) where (minus) the Euler-Lagrange derivatives have the form T^{λμν|α} = □t^{λμν|α} − ∂_ρ ( ∂^{[λ} t^{μν]ρ|α} + ∂^αt^{λμν|ρ} ) + ∂^α∂^{[λ} t^{μν]} + + σ^{α[λ} ( ∂_ρ ( ∂_β t^{μν]ρ|β} − ∂^μt^{ν]ρ} ) − □t^{μν]} ) . (2.21)

(We stress that, according to our convention, the notation ∂^{[λ} t^{μν]ρ|α} involves three terms, σ^{α[λ} ∂_ρ∂^μt^{ν]ρ} comprises six terms, etc.) The tensor T^{λμν|α} has the same properties like the field t^{λμν|α}, being antisymmetric in its first three indices and satisfying the identity

T^{[λμν|α]} ≡ 0 . (2.22)

It is also useful to compute its trace T^{λμ} ≡ σ_{να}T^{λμν|α} = (4 − D) ( □t^{λμ} + ∂_ρ ( ∂^{[λ} t^{μ]ρ} − ∂_αt^{λμρ|α} )) , (2.23)

which is an antisymmetric tensor T^{λμ} = −T^{μλ} . (2.24)

The gauge invariance of the action (2.1) under the transformations (2.8) shows that not all the Euler-Lagrange derivatives (2.21) are independent, but rather satisfy the Noether identities 4∂_αT^{λμν|α} = 0, ∂_λ ( 3T^{λμν|α} − T^{μνα|λ} ) = 0 , (2.25)

while the reducibility of the generating set of gauge transformations indicates that not all the Noether identities (2.25) are independent. We will alternatively use the equivalent simpler form ∂_αT^{λμν|α} = 0 , ∂_λT^{λμν|α} = 0 (2.26)

of (2.25), which we will also call the Noether identities of the action (2.1). We note that (2.26) induces a corresponding identity at the level of the trace of T^{λμν|α}, namely

∂_λT^{λμ} = 0 . (2.27)

– 5 –

The number of physical degrees of freedom for the theory under consideration is

N_{phys} =

D (D − 2) (D − 3) (D − 5) 8 , (2.28)

so D = 6 is the critical dimension for the theory to have local degrees of freedom. This is also the dimension for which action (2.1) is dual to the Pauli-Fierz theory. The structure of the field equations together with the behavior of the generating set of gauge transformations enable us to state that the free mixed symmetry-type tensor field under discussion is described by a linear gauge theory of Cauchy order equal to four.

The most general quantity invariant under the gauge transformations (2.8) is secondorder in the derivatives of the tensor field F^{λμνξ|αβ} = ∂^α∂^{[λ} t^{μνξ]|β} − ∂^β∂^{[λ} t^{μνξ]|α}, (2.29) and accordingly we will call it the curvature tensor. It exhibits the mixed symmetry of the two-column Young diagram

F^{λμνξ|αβ} = λ α μ β ν ξ , (2.30)

such that it is separately antisymmetric in its first four indices and respectively in the last two ones, and fulfills the (algebraic) Bianchi I identity F^{[λμνξ|α]β} ≡ 0 . (2.31) Meanwhile, the curvature tensor obeys two types of (differential) Bianchi II identities ∂^{[κ} F^{λμνξ]|αβ} ≡ 0 , F^{λμνξ|[αβ,γ]} ≡ 0 , (2.32) where we made the notation F^{λμνξ|αβ,γ} ≡ ∂^γ F^{λμνξ|αβ} . (2.33) Its traces are defined through F^{λμν|α} ≡ σ_{ξβ}F^{λμνξ|αβ} = □t^{λμν|α} − ∂_ρ∂^{[λ} t^{μν]ρ|α} − − ∂^α ( ∂_β t^{λμν|β} − ∂^{[λ} t^{μν]} ) , (2.34) F^{λμ} ≡ σ_{να}F^{λμν|α} = 2 ( □t^{λμ} + ∂_ρ ( ∂^{[λ} t^{μ]ρ} − ∂_αt^{λμρ|α} )) , (2.35)

with F^{λμν|α} having the same mixed symmetry like the original tensor field and F^{λμ} being antisymmetric F^{λμν|α} = −F^{μλν|α} = −F^{λνμ|α} = −F^{νμλ|α} , F^{[λμν|α]} ≡ 0 , F^{λμ} = −F^{μλ} . (2.36)

– 6 –

There exists a strong relationship between the curvature tensor (2.29) and the theory (2.1) subject to the gauge invariance (2.8), in the sense that on the one hand the functions (2.21) that define the field equations (2.20) can be expressed only in terms of (2.34)– (2.35) and on the other hand the Noether identities (2.26) are consequences of the Bianchi II identities (2.32). Indeed, we have that T^{λμν|α} = F^{λμν|α} − 1 2 σ^{α[λ} F^{μν]} , (2.37)

and therefore the field equations (2.20) are completely equivalent with the vanishing of the simple trace (2.34) T^{λμν|α} ≈ 0 ⇔ F^{λ′μ′ν′|α} ≈ 0 . (2.38) In the meantime, if we apply ∂_α and respectively ∂_λ on (2.37) and perform the necessary summations, we get that ∂_αT^{λμν|α} = ∂_αF^{λμν|α} − 1 2 ∂^{[λ} F^{μν]} , (2.39) ∂_λT^{λμν|α} = ∂_λF^{λμν|α} − 1 2 ∂^αF^{μν} − 1 2 σ^{α[μ} ∂_λF^{ν]λ} . (2.40)

Next, we start from the former Bianchi II identity in (2.32) on which we apply^1_2 σ_{κα}σ_{ξβ} ∂^{[κ} F^{λμνξ]|αβ} ≡ 0 ⇒ 1 2 σ_{κα}σ_{ξβ}∂^{[κ} F^{λμνξ]|αβ} = ∂_αF^{λμν|α} − 1 2 ∂^{[λ} F^{μν]} ≡ 0 , (2.41)

then act with^1_2 σ_{λγ} σ_{ξβ} on the latter one F^{λμνξ|[αβ,γ]} ≡ 0 ⇒ 1 2 σ_{λγ} σ_{ξβ}F^{λμνξ|[αβ,γ]} = ∂_λF^{λμν|α} − 1 2 ∂^αF^{μν} ≡ 0 , (2.42)

and finally with^1_3 σ_{λγ} σ_{ξβ}σ_{μα} also on the latter identity F^{λμνξ|[αβ,γ]} ≡ 0 ⇒ 1 3 σ_{λγ} σ_{ξβ}σ_{μα}F^{λμνξ|[αβ,γ]} = ∂_λF^{νλ} ≡ 0 . (2.43) Now, we observe that (2.41)–(2.43) express the identically vanishing of the right-hand sides of the relations (2.39)–(2.40) due to the Bianchi II identities (2.32). Accordingly, the lefthand sides of (2.39)–(2.40) will also be strongly equal to zero, providing thus nothing but the Noether identities (2.26) of the action (2.1).

The free model (2.1) can be consistently interpreted in terms of an operator d̄ that is third-order nilpotent [7, 25], d̄^3 = 0, and acts on the vector space T_2 (M) of tensor fields with the mixed symmetry corresponding to two-column Young diagrams, defined on a pseudo-riemannian manifold M of dimension D. For instance, both the curvature tensor F_{λμνξ|αβ} and the original tensor field t_{λμν|α} belong to this vector space and are correlated one to the other through the operator d̄ via the proportionality relation F_{λμνξ|αβ} ∼ (¯ d^2t ) λμνξαβ . (2.44) Moreover, the Bianchi II identities (2.32) follow from the third-order nilpotency of d̄, d̄F ∼ d̄3t ≡ 0. Along the same line, we observe that the formula (2.37) relates the functions

– 7 – defining the free field equations (2.20) to the curvature tensor by a generalized Hodgeduality. The generalized cohomology of d̄ on T_2 (M) when M has the trivial topology of R^D together with this type of generalized Hodge-duality reveal many important features of the free model under study. For example, if T̄^{λμν|α} is a covariant tensor field with mixed symmetry of the two-column Young diagram (2.2) and satisfies the equations

∂_λT̄^{λμν|α} = 0, ∂_αT̄^{λμν|α} = 0 , (2.45)

then there exists a tensor Φ̄^{ρλμν|βα} with the mixed symmetry of the curvature (corresponding to the Young diagram in (2.30)), such that T̄^{λμν|α} = ∂_ξ∂_βΦ̄^{λμνξ|αβ} . (2.46) It is easy to check the above statement in connection with the functions (2.21) that define the field equations for the model under consideration. Indeed, direct computation provides T^{λμν|α} = ∂_ξ∂_β Φ^{λμνξ|αβ} , (2.47) where Φ^{λμνξ|αβ} = −σ^{α[λ} σ^{μ]β} t^{νξ} − σ^{α[ν} σ^{ξ]β}t^{λμ} + σ^{α[λ} σ^{ν]β}t^{μξ} + + σ^{α[μ} σ^{ξ]β}t^{λν} − σ^{α[λ} σ^{ξ]β} t^{μν} − σ^{α[μ} σ^{ν]β}t^{λξ} + + σ^{α[λ} t^{μνξ]|β} − σ^{β[λ} t^{μνξ]|α} , (2.48) and the corresponding Φ^{λμνξ|αβ} obviously satisfies the required mixed symmetry. Each of the last two quantities from the right-hand side of (2.48) comprises four terms.

3. Antibracket-BRST symmetry of the free model

The construction of the antifield-BRST symmetry for this free theory debuts with the identification of the algebra on which the BRST differential s acts. The generators of the BRST algebra are of two kinds: fields/ghosts and antifields. The ghost spectrum for the model under study comprises the fermionic ghosts { η_{λμν} , G_{μν|α} } associated with the gauge parameters { ϵ_{λμν} , χ_{μν|α} } from (2.8), the bosonic ghosts for ghosts {C_{μν} , C_{να}} due to the first-stage reducibility parameters {ω_{μν} , ψ_{να}} in (2.13)–(2.14), as well as the fermionic ghost for ghost for ghost C_ν corresponding to the second-stage reducibility parameter θ_ν in (2.17)–(2.18). In order to make compatible the behavior of the gauge and reducibility parameters with that of the accompanying ghosts, we ask that η_{λμν} and C_{μν} are completely antisymmetric, G_{μν|α} obeys the analogue of the properties (2.11)–(2.12), and C_{να} is symmetric η_{λμν} = −η_{μλν} = −η_{λνμ} = −η_{νμλ} , G_{μν|α} = −G_{νμ|α} , G_{[μν|α]} ≡ 0 , (3.1) C_{μν} = −C_{νμ} , C_{να} = C_{αν} . (3.2)

The antifield spectrum is organized into the antifield t^{∗λμν|α} of the original tensor field, together with those of the ghosts, { η^{∗λμν} , G^{∗μν|α} } , {C^{∗μν} , C^{∗να}} and respectively C^{∗ν} , of

– 8 – statistics opposite to that of the associated field/ghost. It is understood that t^{∗λμν|α} is subject to some conditions similar to (2.3)–(2.4) t^{∗λμν|α} = −t^{∗μλν|α} = −t^{∗λνμ|α} = −t^{∗νμλ|α}, t^{∗[λμν|α]} = 0 , (3.3) and, along the same line, it is required that η^{∗λμν} = −η^{∗μλν} = −η^{∗λνμ} = −η^{∗νμλ} , G^{∗μν|α} = −G^{∗νμ|α} , G^{∗[μν|α]} ≡ 0 , (3.4) C^{∗μν} = −C^{∗νμ} , C^{∗να} = C^{∗αν} . (3.5) For subsequent purpose, we denote the trace of t^{∗λμν|α} by t^{∗λμ}, being understood that it is antisymmetric t^{∗λμ} = σ_{να}t^{∗λμν|α} , t^{∗λμ} = −t^{∗μλ} . (3.6) Since both the gauge generators and reducibility functions for this model are fieldindependent, it follows that the BRST differential s simply reduces to

s = δ + γ , (3.7)

where δ represents the Koszul-Tate differential, graded by the antighost number agh (agh (δ) = −1), and γ stands for the exterior derivative along the gauge orbits, whose degree is named pure ghost number pgh (pgh (γ) = 1). Naturally, these two degrees do not interfere (agh (γ) = 0, pgh (δ) = 0). The overall degree that grades the BRST complex is known as the ghost number (gh) and is defined like the difference between the pure ghost number and the antighost number, such that gh (s) = gh (δ) = gh (γ) = 1. According to the standard rules of the BRST method, the corresponding degrees of the generators from the BRST complex are valued like pgh ( t_{λμν|α} ) = 0 , pgh (η_{λμν} ) = 1 = pgh ( G_{μν|α} ) , (3.8) pgh (C_{μν} ) = 2 = pgh (C_{να}) , pgh (C_ν ) = 3 , (3.9) pgh ( t^{∗λμν|α} ) = pgh ( η^{∗λμν} ) = pgh ( G^{∗μν|α} ) = 0 , (3.10) pgh (C^{∗μν} ) = pgh (C^{∗να}) = pgh (C^{∗ν} ) = 0 , (3.11) agh ( t_{λμν|α} ) = agh (η_{λμν} ) = agh ( G_{μν|α} ) = 0 , (3.12) agh (C_{μν} ) = agh (C_{να}) = agh (C_ν ) = 0 , (3.13) agh ( t^{∗λμν|α} ) = 1 , agh ( η^{∗λμν} ) = 2 = agh ( G^{∗μν|α} ) , (3.14) agh (C^{∗μν} ) = 3 = agh (C^{∗να}) , agh (C^{∗ν} ) = 4. (3.15)

Actually, (3.7) is a decomposition of the BRST differential according to the antighost number and it shows that s contains only components of antighost number equal to minus one and zero. Consequently, the equation expressing the nilpotency of s projected on the distinct values of the antighost number is equivalent with the nilpotency and anticommutation of its components

s^2 = 0 ⇔ ( δ^2 = 0 , δγ + γδ = 0 , γ^2 = 0 ) . (3.16)

– 9 –

The Koszul-Tate differential is imposed to realize an homological resolution of the algebra of smooth functions defined on the stationary surface of field equations (2.20), while the exterior longitudinal derivative is related to the gauge symmetries (2.8) of the action (2.1) through its cohomology at pure ghost number zero computed in the cohomology of δ, which is required to be the algebra of physical observables for the free model under consideration. The actions of δ and γ on the generators from the BRST complex, which enforce all the above mentioned properties, are given by γt_{λμν|α} = 3∂_αη_{λμν} + ∂_{[λ} η_{μν]α} + ∂_{[λ} G_{μν]|α} = −3∂_{[λ} η_{μνα]} + 4∂_{[λ} η_{μν]α} + ∂_{[λ} G_{μν]|α} , (3.17) γη_{λμν} = − 1 2 ∂_{[λ} C_{μν]} , (3.18) γG_{μν|α} = 2∂_αC_{μν} − ∂_{[μ} C_{ν]α} + ∂_{[μ} C_{ν]α} = 2∂_{[μ} C_{να]} − 3∂_{[μ} C_{ν]α} + ∂_{[μ} C_{ν]α} , (3.19)

γC_{μν} = ∂_{[μ} C_{ν]} , γC_{να} = −3∂_{(ν} C_{α)} , γC_ν = 0 , (3.20) γt^{∗λμν|α} = γη^{∗λμν} = γG^{∗μν|α} = γC^{∗μν} = γC^{∗να} = γC^{∗ν} = 0 , (3.21) δt_{λμν|α} = δη_{λμν} = δG_{μν|α} = δC_{μν} = δC_{να} = δC_ν = 0 , (3.22) δt^{∗λμν|α} = T^{λμν|α} , δη^{∗λμν} = −4∂_αt^{∗λμν|α}, (3.23) δG^{∗μν|α} = −∂_λ ( 3t^{∗λμν|α} − t^{∗μνα|λ} ) , (3.24) δC^{∗μν} = 3∂_λ ( G^{∗μν|λ} − 1 2 η^{∗λμν} ) , δC^{∗να} = ∂_μG^{∗μ(ν|α)} , (3.25)

δC^{∗ν} = 6∂_μ ( C^{∗μν} − 1 3 C^{∗μν} ) , (3.26)

where T^{λμν|α} is given in (2.21). By convention, we take δ and γ to act like right derivations. We note that the action of the Koszul-Tate differential on the antifields with the antighost numbers equal to two and three gain a simpler expression if we perform the changes of variables G^{′∗μν|α} = G^{∗μν|α} + 1 4 η^{∗μνα} , C^{′∗να} = C^{∗να} − 1 3 C^{∗να} , (3.27) agh ( G^{′∗μν|α} ) = 2 , agh ( C^{′∗να} ) = 3 , (3.28)

where G^{′∗μν|α} is still antisymmetric in its first two indices, but does not fulfill any longer the last identity in (3.4), and C^{′∗να} has no definite symmetry or antisymmetry properties. With the help of (3.23)–(3.26), we find that δ acts on the transformed antifields through the relations δG^{′∗μν|α} = −3∂_λt^{∗λμν|α} , δC^{′∗να} = 2∂_μG^{′∗μν|α} , δC^{∗ν} = 6∂_μC^{′∗μν} . (3.29)

– 10 –

The same observation is valid for γ if we make the changes G^′_{μν|α} = G_{μν|α} + 4η_{μνα} , C^′_{να} = C_{να} − 3C_{να} , (3.30) pgh ( G^′_{μν|α} ) = 1 , pgh ( C^′_{να} ) = 2, (3.31)

in terms of which we can write γt_{λμν|α} = − 1 4 ∂_{[λ} G^′_{μν|α]} + ∂_{[λ} G^′_{μν]|α} , γG^′_{μν|α} = ∂_{[μ} C^′_{ν]α} , γC^′_{να} = −6∂_ν C_α . (3.32) Again, G^′_{μν|α} is antisymmetric in its first two indices and does not satisfy the last identity in (3.1), while C^′_{να} has no definite symmetry or antisymmetry.^1

The lagrangian BRST differential admits a canonical action in a structure named antibracket and defined by decreeing the fields/ghosts conjugated with the corresponding antifields, s· = (·, S), where ( , ) signifies the antibracket and S denotes the canonical generator of the BRST symmetry. It is a bosonic functional of ghost number zero, involving both field/ghost and antifield spectra, that obeys the master equation

(S, S) = 0 . (3.33)

The master equation is equivalent with the second-order nilpotency of s, where its solution S encodes the entire gauge structure of the associated theory. Taking into account the formulas (3.17)–(3.26), as well as the standard actions of δ and γ in canonical form, we find that the complete solution to the master equation for the model under study is given by

S = S_0 [ t_{λμν|α} ] + ∫ d^Dx ( t^{∗λμν|α} ( 3∂_αη_{λμν} + ∂_{[λ} η_{μν]α} + ∂_{[λ} G_{μν]|α} ) − − 1 2 η^{∗λμν} ∂_{[λ} C_{μν]} + G^{∗μν|α} ( 2∂_αC_{μν} − ∂_{[μ} C_{ν]α} + ∂_{[μ} C_{ν]α} ) + + C^{∗μν} ∂_{[μ} C_{ν]} − 3C^{∗να}∂_{(ν} C_{α)} ) , (3.34)

such that it contains pieces with the antighost number ranging from zero to three.

The main ingredients of the antifield-BRST symmetry derived in this section will be useful in the sequel at the analysis of consistent interactions that can be added to the action (2.1) without changing its number of independent gauge symmetries.

4. Brief review of the antifield-BRST deformation procedure

There are three main types of consistent interactions that can be added to a given gauge theory: (i) the first type deforms only the lagrangian action, but not its gauge transformations, (ii) the second kind modifies both the action and its transformations, but not the gauge algebra, and (iii) the third, and certainly most interesting category, changes everything, namely, the action, its gauge symmetries and the accompanying algebra.

1We have deliberately chosen the same notations for the transformed variables (3.27) and (3.30). They actually form pairs that are conjugated in the antibracket, ( G^′_{μν|α}, G^{′∗μ1 ν1 |α1} ) =^1_2 δ^{[μ1}μ δ^{ν1 ]}ν δ^{α1}_α , (C^′_{να}, C^{′∗ν1α1} ) = δ^{ν1}_ν δ^{α1}_α (in De Witt condensed notations).

– 11 –

The reformulation of the problem of consistent deformations of a given action and of its gauge symmetries in the antifield-BRST setting is based on the observation that if a deformation of the classical theory can be consistently constructed, then the solution to the master equation for the initial theory can be deformed into the solution of the master equation for the interacting theory

S̄ = S + gS_1 + g^2S_2 + O (g^3) , ε (S̄) = 0 , gh (S̄) = 0 , (4.1)

such that (¯ S, S̄ ) = 0 . (4.2)

Here and in the sequel ε (F ) denotes the Grassmann parity of F . The projection of (4.1) on the various powers of the coupling constant induces the following tower of equations:

g^0 : (S, S) = 0 , (4.3) g^1 : (S_1, S) = 0 , (4.4)

g^2 : 1 2 (S_1, S_1) + (S_2, S) = 0 , (4.5) . . The first equation is satisfied by hypothesis. The second one governs the first-order deformation of the solution to the master equation, S_1, and it expresses the fact that S_1 is a BRST co-cycle, sS_1 = 0, and hence it exists and is local. The remaining equations are responsible for the higher-order deformations of the solution to the master equation. No obstructions arise in finding solutions to them as long as no further restrictions, such as space-time locality, are imposed. Obviously, only non-trivial first-order deformations should be considered, since trivial ones (S_1 = sB) lead to trivial deformations of the initial theory, and can be eliminated by convenient redefinitions of the fields. Ignoring the trivial deformations, it follows that S_1 is a non-trivial BRST-observable, S_1 ∈ H^0 (s) ( H^0 (s) denotes the cohomology space of the BRST differential at ghost number zero). Once that the deformation equations (4.4)–(4.5), etc., have been solved by means of specific cohomological techniques, from the consistent non-trivial deformed solution to the master equation we can extract all the information on the gauge structure of the resulting interacting theory.

5. Self-interactions

The first aim of our paper is to investigate the consistent interactions that can be added to the action (2.1) without modifying either the field/ghost/antifield spectrum or the number of independent gauge symmetries. This matter is addressed in the context of the antifield- BRST deformation procedure described in the above and relies on computing the solutions to the equations (4.4)–(4.5), etc., from the cohomology of the BRST differential. For obvious reasons, we consider only smooth, local and manifestly covariant deformations, and, meanwhile, restrict to Poincaré-invariant quantities, i.e., we do not allow explicit dependence of the space-time co-ordinates. If we make the notation S_1 = ∫ d^Dx a, with a a

– 12 – local function, then the local form of the equation (4.4), which we have seen that controls the first-order deformation of the solution to the master equation, becomes

sa = ∂_μm^μ , gh (a) = 0 , ε (a) = 0 , (5.1)

for some local m^μ, and it shows that the non-integrated density of the first-order deformation pertains to the local cohomology of s at ghost number zero, a ∈ H^0 (s|d), where d denotes the exterior space-time differential. In order to analyze the above equation, we develop a according to the antighost number a = I∑ k=0 a_k , agh (a_k) = k , gh (a_k) = 0 , ε (a_k) = 0 , (5.2)

and assume, without loss of generality, that the above decomposition stops at some finite value of the antighost number, I. (This can be shown, for instance, like in [26] (section 3), under the sole assumption that the interacting lagrangian at the first order in the coupling constant, a_0, has a finite, but otherwise arbitrary, derivative order.) By taking into account the splitting (3.7) of the BRST differential, the equation (5.1) is equivalent to a tower of local equations, corresponding to the different decreasing values of the antighost number

γa_I = ∂_μ^{(I)}m μ , (5.3)

δa_I + γa_{I−1} = ∂_μ^{(I−1)}m μ , (5.4)

δa_k + γa_{k−1} = ∂_μ^{(k−1)}m μ , I − 1 ≥ k ≥ 1 , (5.5)

where (_{(k)} m μ) k=0,I are some local currents with agh (_{(k)} m μ) = k. It can be proved^2 that we can replace the equation (5.3) at strictly positive antighost numbers with

γa_I = 0 , agh (a_I ) = I > 0 . (5.6)

In conclusion, under the assumption that I > 0, the representative of highest antighost number from the non-integrated density of the first-order deformation can always be taken to be γ-closed, such that the equation (5.1) associated with the local form of the first-order deformation is completely equivalent to the tower of equations (5.6) and (5.4)–(5.5).

Before proceeding to the analysis of the solutions to the first-order deformation equations, we briefly comment on the uniqueness and triviality of such solutions. Due to the second-order nilpotency of γ (γ^2 = 0), the solution to the top equation (5.6) is clearly unique up to γ-exact contributions,

a_I → a_I + γb_I , agh (b_I ) = I , pgh (b_I ) = I − 1 , ε (b_I ) = 1 . (5.7)

Meanwhile, if it turns out that a_I reduces to γ-exact terms only, a_I = γb_I , then it can be made to vanish, a_I = 0. In other words, the non-triviality of the first-order deformation a is translated at its highest antighost number component into the requirement that

a_I ∈ H^I (γ) , (5.8)

2The proof will be given after introducing the notion of “invariant polynomial”, in the appendix A, corollary 1.

– 13 – where H^I (γ) denotes the cohomology of the exterior longitudinal derivative γ at pure ghost number equal to I. At the same time, the general condition on the non-integrated density of the first-order deformation to be in a non-trivial cohomological class of H^0 (s|d) shows on the one hand that the solution to (5.1) is unique up to s-exact pieces plus divergences

a → a + sb + ∂_μn^μ , gh (b) = −1 , ε (b) = 1 , gh (n^μ) = 0 , ε (n^μ) = 0 , (5.9) and on the other hand that if the general solution to (5.1) is found to be completely trivial, a = sb + ∂_μn^μ, then it can be made to vanish, a = 0.

In the light of the above discussion, we now investigate the solutions to the equations (5.6) and (5.4)–(5.5). We have seen that the solution to (5.6) belongs to the cohomology of the exterior longitudinal derivative (see the formula (5.8)), such that we need to compute H (γ) in order to construct the component of highest antighost number from the first-order deformation. This matter is solved with the help of the definitions (3.17)–(3.21).

5.1 H (γ) and H (δ|d)

From (3.17) we observe that γ acts on the original tensor field through a gauge transformation (2.8) with the gauge parameters replaced by the ghosts, such that the γ-closed quantities constructed out of the tensor gauge field t_{λμν|α} and its space-time derivatives are nothing but the gauge-invariant objects of the theory (2.1). As it was discussed in section 2, the only such objects are the curvature tensor (2.29) F_{λμνξ|αβ} and its derivatives, and thus they all belong to H (γ). The definitions (3.21) allows us to identify all the antifields

Π^{∗Δ} ≡ ( t^{∗λμν|α}, G^{′∗μν|α}, C^{′∗να}, C^{∗ν} ) , (5.10)

and their derivatives as being also γ-closed elements, such that these pertain to H (γ).^3 (We choose to work with the prime antifields G^{′∗μν|α} and C^{′∗να} since they cover all the independent components of the Koszul-Tate generators ( η^{∗λμν} , G^{∗μν|α} ) and respectively (C^{∗μν} , C^{′∗να}) at antighost number two and three.)

Related to the pure ghost number one ghosts { η_{λμν} , G_{μν|α} } , we use the definitions (3.18)–(3.19) and observe that there is no γ-closed linear combination of these undifferentiated ghosts belonging to H (γ). On the other hand, it is easy to see that the only γ -closed linear objects involving just their first-order derivatives are F_{λμνα} ≡ ∂_{[λ} η_{μνα]} , T_{λμν|α} ≡ 4∂_{[λ} η_{μν]α} + ∂_{[λ} G_{μν]|α} . (5.11) Clearly, F_{λμνα} is completely antisymmetric, while T_{λμν|α} is antisymmetric in its first three indices and does not satisfy the identity T_{[λμν|α]} ≡ 0. Then, T_{λμν|α} can be decomposed in

3We notice that neither the curvature nor the antifields nor any of their derivatives are trivial in H(γ) since they all have the pure ghost number equal to zero and there is no object in the BRST algebra with strictly negative values of this degree.

– 14 – terms of two tensors belonging to irreducible representations of GL (D, R), namely

T_{λμν|α} = λ μ ν ⊗ α = λ μ ν α + λ α μ ν ≡ T^′_{λμνα} + T^{′′}_{λμν|α} , (5.12)

where T^′_{λμνα} is completely antisymmetric in its indices and T^{′′}_{λμν|α} is antisymmetric in its first three indices and satisfies the identity T^{′′}_{[λμν|α]} ≡ 0. It can be checked that T^′_{λμνα} and T^{′′}_{λμν|α} read as T^′_{λμνα} = 1 4 T_{[λμν|α]} , T^{′′}_{λμν|α} = T_{λμν|α} − 1 4 T_{[λμν|α]} , (5.13) where, according to our antisymmetrization convention, T_{[λμν|α]} reduces to four terms only. Due to the properties (3.1), T^′_{λμνα} is proportional with F_{λμνα} T^′_{λμνα} = 3F_{λμνα} , (5.14) such that we can write T_{λμν|α} = 3F_{λμνα} + T^{′′}_{λμν|α} . (5.15) On the one hand, the definition (3.17) can be rewritten in terms of T^′, T^{′′} and F like γt_{λμν|α} = T^{′′}_{λμν|α} . (5.16) On the other hand, F_{λμνα} is not γ -exact F_{λμνα} ≠ γf_{λμνα} (t) . (5.17) (This can be shown directly assuming that F_{λμνα} can be written like a γ-exact combination of undifferentiated tensor field components with real coefficients, which yields to an incompatible algebraic linear system for the coefficients.) As a consequence of (5.15)– (5.17), we can state that the independent and γ-non-exact quantities in (5.11) reduce to the completely antisymmetric tensor F_{λμνα}, and thus its components span all the non-trivial objects of pure ghost one from H (γ) involving only the first-order derivatives of the ghosts { η_{λμν} , G_{μν|α} } . By direct computation, we find that the first-order derivatives of F_{λμνα} (and, of course, those of T_{λμν|α}) are γ-exact ∂_ρF_{λμνα} = γ ( 1 3 ∂_{[λ} t_{μνα]|ρ} ) , (5.18) ∂_ρT_{λμν|α} = γ ( ∂_ρt_{λμν|α} − ∂_αt_{λμν|ρ} + ∂_{[λ} t_{μν]α|ρ} ) , (5.19)

and so will be all the higher-order ones. In conclusion, the only non-trivial linear combinations in H (γ) constructed out the ghosts of pure ghost number equal to one { η_{λμν} , G_{μν|α} } and their derivatives are given by F_{λμνα}, defined in the former relation from (5.11). The result that H (γ) contains non-trivial elements containing antisymmetrized derivatives of the ghosts is not singular among the models with mixed symmetry-type tensor fields. The same happens in the case of the Pauli-Fierz theory (see section 6) or of the tensor t_{λμ|α} [12].

– 15 –

Next, we approach H (γ) in the context of the pure ghost number two ghosts {C_{μν} , C_{να}} with the help of the first two definitions in (3.20). First, we notice that there is no linear combination of these undifferentiated ghosts in H (γ). Second, we observe that the only linear, γ -closed combinations built with their derivatives are

F_{λμν} ≡ ∂_{[λ} C_{μν]} , R_{μν|αβ} ≡ ∂_μ∂_αC_{νβ} − ∂_ν ∂_αC_{μβ} − ∂_μ∂_βC_{να} + ∂_ν ∂_β C_{μα} , (5.20)

where F_{λμν} is completely antisymmetric and R_{μν|αβ} displays the same mixed symmetry like the Riemann tensor from General Relativity

R_{μν|αβ} = −R_{νμ|αβ} = −R_{μν|βα} = R_{αβ|μν} , R_{[μν|α]β} ≡ 0 . (5.21)

However, the relations (3.18)–(3.19) yield both F_{λμν} and R_{μν|αβ} as being γ-trivial

F_{λμν} = γ (−2η_{λμν} ) , (5.22) R_{μν|αβ} = γ ( 1 2 ( ∂_μG_{αβ|ν} − ∂_ν G_{αβ|μ} + ∂_αG_{μν|β} − ∂_βG_{μν|α} ) ) , (5.23)

and so will be all their derivatives, of order one and higher, such that we can state that there is no non-trivial object in H (γ) involving the pure ghost number two ghosts {C_{μν} , C_{να}} and/or their derivatives. (An alternative manner of deriving the same result is to start with the transformed pure ghost number two ghost C^′_{να} defined in (3.30) and with its derivatives. From the last relation in (3.32) we notice that the only γ-invariant linear elements in these quantities are ∂_{[μ} C^′_{ν]α}, together with their derivatives. However, the second formula in (3.32) exhibits the γ-triviality of ∂_{[μ} C^′_{ν]α}, such that all their subsequent derivatives will also be trivial in H (γ). This ensures the fact that there is no non-trivial object in H (γ) involving the pure ghost number two ghosts and/or their derivatives, since C^′_{να} and its derivatives give all the information on the original pure ghost number two ghosts {C_{μν} , C_{να}} and their derivatives (the components of C^′_{να} are exactly the independent components of both C_{μν} and C_{να}).)

Finally, we focus on the pure ghost number three ghost C_ν . The last definition in (3.20) indicates that it is γ-closed, while the first two definitions in the same formula (or, equivalently, the last one from (3.32)) exhibit that its first-order derivatives are γ-trivial

∂_μC_ν = γ ( − 1 6 (C_{μν} − 3C_{μν} ) ) = γ ( − 1 6 C^′_{μν} ) , (5.24)

and so will be all their subsequent derivatives. Therefore, the only non-trivial linear combination in H (γ) constructed out of the ghost for ghost for ghost and its derivatives is the undifferentiated C_ν itself.

– 16 –

The above discussion on H (γ) can be synthesized in the following array

pgh generator type non-trivial objects in H (γ) 0 { Π^{∗Δ}, ∂Π^{∗Δ}, · · · t_{λμν|α}, ∂t_{λμν|α}, · · · { Π^{∗Δ}, ∂Π^{∗Δ}, · · · F_{λμνξ|αβ} , ∂F_{λμνξ|αβ} , · · · 1 { η_{λμν} , ∂η_{λμν} , · · · G_{μν|α}, ∂G_{μν|α}, · · · F_{λμνα} = ∂_{[λ} η_{μνα]}, 2 { C_{μν} , ∂C_{μν} , · · · C_{να}, ∂C_{να}, · · · none 3 C_ν , ∂C_ν , · · · C_ν

(5.25)

It follows directly from these observations that the cohomology of γ is generated by the curvature tensor, the antifields, all their derivatives, as well as by F_{λμνα} and the undifferentiated ghost C_ν . According to the results exposed so far, we can state that the general local solution to the equation (5.6) is, up to trivial, γ-exact contributions, of the type

a_I = α_I ([ Π^{∗Δ} ] , [ F_{λμνξ|αβ} ]) ω^I (C_ν , F_{λμνα}) , I > 0 , (5.26)

where the notation f ([q]) means that the function f depends on the variable q and its subsequent derivatives up to a finite number. In the above, ω^I are the elements of pure ghost number I (and obviously of antighost number zero) of a basis in the space of polynomials in F_{λμνα} and C_ν , which is finite-dimensional since all these variables anticommute. The objects α_I (obviously non-trivial in H^0 (γ)) were taken to have a bounded number of derivatives, and therefore they are polynomials in the antifields Π^{∗Δ}, in the curvature tensor F_{λμνξ|αβ} , as well as in their derivatives. They are required to fulfill the property agh (α_I ) = I in order to ensure that the ghost number of a_I is equal to zero. Moreover, for a_I to be bosonic, as required by the general prescriptions of the BRST method, α_I and ω^I must have the same statistics, ε (α_I ) = ε ( ω^I ) . Due to their γ-closedness

γα_I = 0 , (5.27)

α_I will be called “invariant polynomials”. At zero antighost number, the invariant polynomials are polynomials in the curvature F_{λμνξ|αβ} and its derivatives. The result that we can replace the equation (5.3) with the less obvious one (5.6) is a nice consequence of the fact that the cohomology of the exterior space-time differential is trivial in the space of invariant polynomials at strictly positive antighost numbers. This means that if the invariant polynomial α_I of strictly positive antighost number is annihilated by d, then it can be written like the d-variation of precisely an invariant polynomial. For details, see the appendix A.

Replacing the solution (5.26) into the equation (5.4) and taking into account the definitions (3.22)–(3.26), we remark that a necessary (but not sufficient) condition for the existence of (non-trivial) solutions a_{I−1} is that the invariant polynomials α_I are (non-trivial) objects from the local cohomology of the Koszul-Tate differential H (δ|d) at antighost num-

– 17 – ber I > 0 and pure ghost number equal to zero,^4 i.e.,

δα_I = ∂_μ^{(I−1)}j μ , agh (_{(I−1)} j μ) = I − 1 ≥ 0 , pgh (_{(I−1)} j μ) = 0 . (5.28)

The above notation is generic, in the sense that α_I and^{(I−1)}j μ may actually carry supplementary Lorentz indices. Consequently, we need to investigate some of the main properties of the local cohomology of the Koszul-Tate differential H (δ|d) at pure ghost number zero and strictly positive antighost numbers in order to fully determine the component a_I of highest antighost number from the first-order deformation. As we have discussed in section 2, the free model under study is a linear gauge theory of Cauchy order equal to four. In agreement with the general results from [28] (also see [12, 26, 27]), one can state that H (δ|d) (at pure ghost number zero) is trivial at antighost numbers strictly greater than its Cauchy order H_I (δ|d) = 0 , I > 4 . (5.29)

Moreover, if the invariant polynomial α_I , with agh (α_I ) = I ≥ 4, is trivial in H_I (δ|d), then it can be taken to be trivial also in H^{inv}_I (δ|d) ( α_I = δb_{I+1} + ∂_μ^{(I)}c μ , agh (α_I ) = I ≥ 4 ) ⇒ α_I = δβ_{I+1} + ∂_μ^{(I)}γ μ , (5.30)

with β_{I+1} and^{(I)}γ μ invariant polynomials. (An element of H^{inv}_I (δ|d) is defined via an equation similar to (5.28), but with the corresponding current also an invariant polynomial.) The result (5.30) will be proved in the appendix B, theorem 3. This is important since together with (5.29) ensure that all the local cohomology of the Koszul-Tate differential in the space of invariant polynomials is trivial in antighost number strictly greater than four

H^{inv}_I (δ|d) = 0 , I > 4 . (5.31)

Looking at the definitions (3.29) involving the transformed antifields (3.27), we can organize the non-trivial representatives of H_I (δ|d) (at pure ghost number equal to zero) and ( H^{inv}_I (δ|d) ) I≥2 in the following array

agh non-trivial representatives spanning H_I (δ|d) and H^{inv}_I (δ|d) I > 4 none I = 4 C^{∗ν} I = 3 C^{′∗να} I = 2 G^{′∗μν|α}

(5.32)

We remark that there is no non-trivial element in (H_I (δ|d))_{I≥2} or ( H^{inv}_I (δ|d) ) I≥2 that effectively involves the curvature tensor F_{λμνξ|αβ} and/or its derivatives, and the same stands for

4We recall that the local cohomology H (δ|d) is completely trivial at both strictly positive antighost and pure ghost numbers (for instance, see [28], theorem 5.4 and [29]). We will come back later to this result.

– 18 – the quantities that are more than linear in the antifields and/or depend on their derivatives. In principle, one can construct from the above representatives other non-trivial invariant polynomials from H (δ|d) or H^{inv} (δ|d) that depend on the space-time co-ordinates. For instance, it can be checked by direct computation that G^{′∗μν|α}f_{μναρ}x^ρ, with f_{μναρ} a completely antisymmetric and constant tensor, is a non-trivial representative from both H_2 (δ|d) and H^{inv}_2 (δ|d). However, we will discard such candidates as they would break the Poincaré invariance of the deformations. In contrast to the groups (H_I (δ|d))_{I≥2} and ( H^{inv}_I (δ|d) ) I≥2, which are finite-dimensional, the cohomology H_1 (δ|d) at pure ghost number zero, that is related to global symmetries and ordinary conservation laws, is infinite-dimensional since the theory is free. Fortunately, it will not be needed in the sequel.

The previous results on H (δ|d) and H^{inv} (δ|d) at strictly positive antighost numbers are important because they control the obstructions to removing the antifields from the first-order deformation. Indeed, due to (5.31), it follows that we can successively eliminate all the pieces with I > 4 from the non-integrated density of the first-order deformation by adding only trivial terms (see the appendix C), so we can take, without loss of non-trivial objects, the condition I ≤ 4 (5.33)

in the decomposition (5.2). In addition, the last representative is of the form (5.26), where the invariant polynomial is necessarily a non-trivial object from H^{inv}_I (δ|d) for I = 2, 3, 4, respectively from H_1 (δ|d) for I = 1.

5.2 The case I = 4

Assuming that I = 4, the development (5.2) becomes

a = a_0 + a_1 + a_2 + a_3 + a_4 , (5.34)

with a_4 (γa_4 = 0) a non-trivial quantity from H^4 (γ), and thus of the form (see (5.26))

a_4 = α_4ω^4 (C_ν , F_{λμνα}) + γb_4 , (5.35)

and α_4 a non-trivial object from H^{inv}_4 (δ|d). Taking into account the fact that the elements of pure ghost number four of a basis in the space of polynomials in F_{λμνα} and C_ν are spanned by ω^4 : (F_{λμνα}C_β, F_{λμνα}F_{λ1μ1ν1α1} F_{λ2μ2ν2α2} F_{λ3μ3ν3α3} ) , (5.36) with F_{λμνα} given in (5.11), and that the general (non-trivial) representative of H^{inv}_4 (δ|d) is the undifferentiated antifield C^∗_ρ (see (5.32)), we get that

a_4 = C^∗_ρ ( f^{ρλμναλ1μ1ν1α1λ2μ2ν2α2λ3μ3ν3α3} 1 F_{λμνα}F_{λ1μ1ν1α1} F_{λ2μ2ν2α2} F_{λ3μ3ν3α3} + + f^{ρλμναβ} 2 F_{λμνα}C_β ) + γb_4 , (5.37)

where the coefficients of the type f must be non-derivative constants. At this point we ask that the deformed gauge theory preserves the Cauchy order of the uncoupled model, which enforces the requirement that the interacting lagrangian is of maximum order equal to two

– 19 – in the space-time derivatives of the tensor field t_{λμν|α} at each order in the coupling constant. This assumption is quite natural as it enforces that the interacting model smoothly passes to the free one in the zero limit of the coupling constant. The terms quartic in the pure ghost number one combinations of F_{λμνα}, if consistent, would lead to an interaction vertex in a_0 of order five in the space-time derivatives, which is forbidden by the above assumption, such that we will set the corresponding coefficient equal to zero f^{ρλμναλ1μ1ν1α1λ2μ2ν2α2λ3μ3ν3α3} 1 = 0 , (5.38)

which leaves us with a_4 = f^{ρλμναβ} 2 C^∗_ρ F_{λμνα}C_β + γb_4 . (5.39)

Recalling that we search manifestly covariant (and Poincaré-invariant) deformations and work in D ≥ 5 space-time dimensions, only one independent possibility emerges D = 6 , f^{ρλμναβ}_2 = cε^{ρλμναβ} , (5.40) with c an arbitrary real constant, such that we further obtain a_4 = cε^{ρλμναβ} C^∗_ρ F_{λμνα}C_β . (5.41) (Without loss of generality, we set the γ-exact contribution from (5.39) equal to zero.) If consistent, such an a_4 would produce an a_0 that breaks the PT invariance. Let us show that the solution (5.41) is however not consistent, in the sense that it cannot be lifted to a_2. In view of this, we pass to finding the remaining terms from (5.34) as solutions to the equations (5.4)–(5.5) for I = 4

δa_4 + γa_3 = ∂_μ^{(3)}m μ , δa_3 + γa_2 = ∂_μ^{(2)}m μ , (5.42)

δa_2 + γa_1 = ∂_μ^{(1)}m μ , δa_1 + γa_0 = ∂_μ^{(0)}m μ . (5.43)

Inserting (5.41) in the former equation from (5.42) and using the last definition in (3.29) together with the results (5.18) and (5.24), we find that a_3 = −cε^{ρλμναβ} C^{′∗γ}_ρ ( 8 ( ∂_λt_{μνα|γ} ) C_β + F_{λμνα}C^′_{γβ} ) , (5.44)

where C^′_{γβ} can be read from (3.30). For solving the latter equation in (5.42), we firstly compute δa_3 with the help of (5.44) and the second definition in (3.29), and then manipulate the resulting expression on behalf of (5.18), (5.24) and the second formula from (3.32), obtaining in the end

δa_3 = ∂_σ ( 2cε^{ρλμναβ} G^{′∗σγ|}_ρ ( 8 ( ∂_λt_{μνα|γ} ) C_β + F_{λμνα}C^′_{γβ} )) + + γ ( −cε^{ρλμναβ} G^{′∗σγ|}_ρ ( 4 3 ( ∂_λt_{μνα|[σ} ) C^′_{γ]β} + F_{λμνα}G^′_{σγ|β} )) − − 2cε^{ρλμναβ} G^{′∗σγ|}_ρ F_{λμνα|σγ} C_β , (5.45)

– 20 – where F_{λμνα|σγ} is the curvature tensor (see (2.29)) and G^′_{σγ|β} was introduced in (3.30). Comparing the second equation from (5.42) with (5.45), we observe that a_3 of the form (5.44) leads to a consistent a_2 if and only if −2cε^{ρλμναβ} G^{′∗σγ|}_ρ F_{λμνα|σγ} C_β = γb_2 + ∂_σ^{(2)}w σ , (5.46)

for some b_2 and^{(2)}w σ with the properties

agh (b_2) = 2 = agh

(_{(2)} w σ) , pgh (b_2) = 2 , pgh

(_{(2)} w σ) = 3 . (5.47)

However, this cannot happen unless c = 0 , (5.48) since on the one hand the left-hand side of (5.46) is a non-trivial element from H^3 (γ) of antighost number two, where the role of the invariant polynomial is played by −2cε^{ρλμναβ} G^{′∗σγ|}_ρ F_{λμνα|σγ} , which implies b_2 = 0, and on the other hand it obviously does

not reduce to a divergence, such that^{(2)}w σ = 0. But b_2 = 0 and^{(2)}w σ = 0 holding simultaneously in (5.46) lead to (5.48), and, in consequence, to

a_4 = 0 . (5.49)

In conclusion, under the assumption on the maximum derivative order of the interacting lagrangian being equal to two, the first-order deformation (5.2), whose component of maximum antighost number is subject to the condition (5.33), can only end at I ≤ 3.

5.3 The case I = 3 In the case where I = 3 in (5.2), we can write that

a = a_0 + a_1 + a_2 + a_3 , (5.50)

and, in agreement with the general discussion from the subsection 5.1, we can always redefine a_3 such as to pertain to the cohomological space H (γ). Consequently, we have that (see (5.26)) a_3 = α_3ω^3 (C_ν , F_{λμνα}) + γb_3 . (5.51) The consistency of a at antighost number two (or, in other words, the existence of a_2 as solution to the equation δa_3 + γa_2 = ∂_μ^{(2)}m μ ) requires that α_3 is a non-trivial element from H^{inv}_3 (δ|d) . Since the elements of pure ghost number equal to three of a basis in the space of polynomials in F_{λμνα} and C_ν are spanned by

ω^3 : (C_β, F_{λμνα}F_{λ1μ1ν1α1} F_{λ2μ2ν2α2} ) , (5.52)

and the general non-trivial representative of H^{inv}_3 (δ|d) is C^{′∗να} (see (5.32) for I = 3), we get that a_3 = C^{′∗}_{ρσ} ( f^{ρσλμναλ1 μ1ν1α1λ2μ2ν2α2} 1 F_{λμνα}F_{λ1 μ1ν1α1} F_{λ2μ2ν2α2} + f^{ρσβ}_2 C_β ) + γb_3 , (5.53)

– 21 – where the coefficients denoted by f must be non-derivative constants. If we require that the maximum derivative order of the interacting lagrangian is equal to two, we must set f^{ρσλμναλ1μ1ν1α1λ2μ2ν2α2} 1 = 0 , (5.54)

because otherwise the corresponding interaction terms from a_0 would be of order four in the space-time derivatives, and hence we obtain that

a_3 = f^{ρσβ}_2 C^{′∗}_{ρσ}C_β + γb_3 . (5.55)

Asking in addition that a_3 is Poincaré-invariant and that the space-time dimension fulfills D ≥ 5, we are left only with the vanishing solution

f^{ρσβ}_2 = 0 , (5.56)

which further induces that a_3 = 0 . (5.57)

In conclusion, the first-order deformation (5.2) cannot stop (in a non-trivial manner) either to I = 3.

5.4 The case I = 2

Supposing that the non-integrated density of the first-deformation ends at antighost number two a = a_0 + a_1 + a_2 , (5.58)

its last component can again be redefined such as to belong to H (γ), and thus

a_2 = α_2ω^2 (F_{λμνα}) + γb_2 . (5.59)

(The ghost C_ν does not enter ω^2 (F_{λμνα}) since its pure ghost number is equal to three, while pgh ( ω^2 ) = 2). Moreover, a necessary condition for the consistency of (5.58) at antighost number one (the existence of a_1 as solution to the equation δa_2 + γa_1 = ∂_μ^{(1)}m μ ) is that α_2 represents a non-trivial element from H^{inv}_2 (δ|d). Using the fact that the elements of pure ghost number equal to two of a basis in the space of polynomials in F_{λμνα} are spanned by

ω^2 : (F_{λμνα}F_{λ1μ1ν1α1} ) , (5.60)

and that the general non-trivial representative of H^{inv}_2 (δ|d) is G^{′∗μν|α} (see (5.32) for I = 3), we find that a_2 = f^{ρσβλμναλ1μ1 ν1α1} 1 G^{′∗}_{ρσ|β} F_{λμνα}F_{λ1μ1ν1α1} + γb_2 , (5.61) with the components of f some non-derivative constants. At this stage we ask, just as we did before, that the derivative order of the interacting lagrangian a_0 is at most equal to two, which yields f^{ρσβλμναλ1 μ1ν1α1} 1 = 0 , (5.62)

– 22 – because, if consistent, the component (5.61) would lead to an a_0 of derivative order equal to three. Removing now the γ-trivial component left in (5.61), we reach the conclusion that a_2 = 0 , (5.63)

and therefore we can only have I ≤ 1 in the expansion (5.2). The result (5.63) emphasizes that the original abelian gauge algebra is rigid under the deformation procedure (since there is no term simultaneously linear in the antighost number two antifields and quadratic in the ghosts of pure ghost number equal to one allowed to enter a_2), such that the self-interactions of the tensor field t_{λμν|α} cannot be of type (iii) (see the beginning of section 4).

5.5 The case I = 1

For I = 1, the first-order deformation (5.2) becomes

a = a_0 + a_1 , (5.64)

with the last component (γa_1 = 0) generically written like (see (5.26))

a_1 = α_1 ([ t^{∗λμν|α} ] , [ F_{λμνξ|αβ} ]) ω^1 (F_{λμνα}) + γb_1 . (5.65)

The invariant polynomial α_1 is linear in the antifield t^{∗λμν|α} and its derivatives up to a finite order since these are the only objects of antighost number equal to one from the BRST algebra, while the element of pure ghost number equal to one of a basis in the space of polynomials in F_{λμνα} is ω^1 : (F_{λμνα}) . (5.66)

We have mentioned in the subsection 5.1 that the necessary condition for a to be (nontrivially) consistent in this particular case is that α_1 is a (non-trivial) element from the group H_1 (δ|d), which is infinite-dimensional. The difficult task of explicitly computing H_1 (δ|d) can however be avoided if we recall in the first place the assumption on the maximum derivative order of a_0 being equal to two. This assumption is extremely useful as it forbids α_1 to depend on either the curvature tensor F_{λμνξ|αβ} or its derivatives. Indeed, assuming that α_1 effectively involves the curvature, then the component from (5.65) with the minimum number of derivatives is linear in the undifferentiated antifield t^{∗λμν|α}, in the undifferentiated curvature, as well as in the objects from (5.66), so it already contains three space-time derivatives and, if consistent, it would produce an a_0 with four derivatives. As a consequence, we have that

a_1 = α^{lin}_1 ([ t^{∗λμν|α} ]) F_{λμνα} + γb_1. (5.67)

Moreover, α^{lin}_1 is further restricted not to depend on the derivatives of t^{∗λμν|α}. Indeed, one can always move the derivatives (by performing an integration by parts in the corresponding functional built from a_1 and by subsequently neglecting the resulting divergences) such as to act on F_{λμνα}, in which case we arrive at trivial, γ-exact contributions (see (5.18)), that can safely be removed.

– 23 –

The previous discussion allows us to state that the only possible candidate is found in D = 6 dimensions^5

a_1 ≡ a^{(D=6)}_1 = cσ^{αβ} ε^{λμνλ′μ′ν′} t^∗_{λμν|α}F_λ′_μ′_ν′_β + γb^{(D=6)}_1 . (5.68)

Let us investigate the solutions to the equation δa^{(D=6)} 1 + γa^{(D=6)}_0 = ∂^{ρ (0)}m_ρ . (5.69)

In order to evaluate δa^{(D=6)}_1 , we use the identity ε^{λμνλ′μ′ν′} σ^{αβ (1)}T_{λμν|α}^{(2)}T_λ′_μ′_ν′_β = − 3 4 ε^{λμνλ′μ′ν′} σ^{αβ (1)}T_{λμβ|α}^{(2)}T_{νλ}′_μ′_ν′ , (5.70) that holds for any^{(1)}T_{λμν|α} completely antisymmetric in its first three indices and for any completely antisymmetric^{(2)}T_λ′_μ′_ν′_β, together with the first definition in (3.23) and the relation (2.23). Further calculations, based on the formula (3.17) and on the result (5.18), produce δa^{(D=6)} 1 = γ ( c 2 (4 − D) ε^{λμλ′ μ′ν′ρ′} t_{λμ(ρ|α)}∂_λ′ ( σ^{αρ}∂^β t_μ′_ν′_ρ′_{|β} − ∂^αt^ρ_{μ′ν′ρ′|} )) + +∂^ρ ( 3c 4 (4 − D) ε^{λμλ′ μ′ν′ρ′} (( ∂_ρt_{λμ} + 2∂_λt_{μρ} − ∂^αt_{λμρ|α} ) F_λ′_μ′_ν′_ρ′ − − t_{λμ}∂_ρF_λ′_μ′_ν′_ρ′ + ( t_{λμν|ρ}−2σ_{λρ}t_{μν} ) ∂^νF_λ′_μ′_ν′_ρ′ )) − − c 2 (4 − D) ε^{λμλ′ μ′ν′ρ′} T_{λμ(ρ|α)}∂_λ′ ( σ^{αρ}∂^β t_μ′_ν′_ρ′_{|β} − ∂^αt^ρ_{μ′ν′ρ′|} ) . (5.71)

Comparing (5.71) with (5.69), we have that the existence of a^{(D=6)}_0 requires that the last term in the right-hand side of (5.71) either vanishes or reduces to a divergence. Nevertheless, the second relation from (5.11) ensures that this term is not a divergence. Therefore it must vanish, which holds if and only if

c = 0 , (5.72)

so it yields a^{(D=6)}

1 = 0 . (5.73) We actually showed that a_1 = 0 , (5.74) and therefore the first-order deformation (5.2) may only reduce to its antighost number zero component (I = 0). Since the antighost number one terms from the solution to the master equation control the gauge symmetries of a given gauge theory, the result (5.74) tells us that there are no consistent self-interactions of the tensor field t_{λμν|α} that deform the gauge transformations (2.8), or, which is the same, there are no type (ii) interactions (see the classification given at the beginning of section 4).

5Apparently, there are more possibilities: one is of the type t^{∗λμν|α}F_{λμνα} =^1_4 t^{∗[λμν|α]}F_{λμνα}, but it vanishes identically due to (3.3), while those involving Levi-Civita symbols contracted on all the indices of t^{∗λμν|α} vanish for the same reason.

– 24 –

5.6 The case I = 0 Thus, we remain only with the possibility that the non-integrated density of the first-order deformation (5.2) coincides with the deformed lagrangian at the first order in the coupling constant a = a_0 ([ t_{λμν|α} ]) , (5.75) which is subject to the equation γa_0 = ∂_μ^{(0)}m μ . (5.76) There are two main types of solutions to the last equation. The first one corresponds to (0) m μ = 0 and is given by functions in the field t_{λμν|α} and its derivatives that are invariant under the gauge transformations (2.8). As the components of the curvature tensor (2.29) are the most general gauge-invariant objects, it follows that

γa^′_0 = 0 ⇒ a^′_0 = a^′_0 ([ F_{λμνξ|αβ} ]) . (5.77)

At this point we recall the requirement that the interacting lagrangian is of maximum order equal to two in the space-time derivatives of the tensor field, which leads to

a^′_0 = 0 , (5.78)

because otherwise a^′_0 would be at least quadratic in the curvature tensor, and thus of minimum derivative order equal to four. The second type of solutions is associated with (0) m μ ≠ 0 , being understood that we maintain the restriction on the derivative order of a_0 and discard the divergence-like solutions a_0 = ∂_μu^μ. Denoting the Euler-Lagrange derivatives of a_0 by A^{λμν|α} ≡ δa_0/δt_{λμν|α}, the equation (5.76) implies that the tensor A^{λμν|α}, which has the same mixed symmetry like t_{λμν|α} (it is antisymmetric in its first three indices and fulfills the identity A^{[λμν|α]} ≡ 0), is subject to the equations ∂_λA^{λμν|α} = 0 , ∂_αA^{λμν|α} = 0 . (5.79) According to the discussion from the end of the section 2 (see the formulas (2.45)–(2.46)), the general solution of (5.79) is δa_0 δt_{λμν|α} ≡ A^{λμν|α} = ∂_ξ∂_βΦ̃^{λμνξ|αβ} , (5.80) where Φ̃^{λμνξ|αβ} has the mixed symmetry (2.30) of the curvature tensor. Imposing that A^{λμν|α} contains at most two derivatives, we find that Φ̃^{λμνξ|αβ} involves only the undifferentiated tensor field t_{λμν|α}. Let N be a derivation in the algebra of the fields t_{λμν|α} and of their derivatives that counts the powers of the fields and their derivatives, defined by N = ∑ n≥0 ( ∂_{μ1} · · · ∂_{μn} t_{λμν|α} ) ∂ ∂ ( ∂_{μ1} · · · ∂_{μn} t_{λμν|α} ) . (5.81)

Then, it is easy to see that for every non-integrated density u, we have that Nu = t_{λμν|α} δu δt_{λμν|α} + ∂_μs^μ , (5.82)

– 25 – where δu/δt_{λμν|α} denotes the variational derivative of u. If u is an homogeneous polynomial of order p > 0 in the fields and their derivatives, then Nu = pu, such that u = 1 p t_{λμν|α} δu δt_{λμν|α} + ∂_μ ( 1 p s^μ ) . (5.83)

As a_0 can always be decomposed as a sum of homogeneous polynomials of various orders, it is enough to analyze the equation (5.76) for a fixed value of p. Setting u = a_0 in (5.83) and using (5.80), we find that

a_0 = 1 p t_{λμν|α}∂_ξ∂_βΦ̃^{λμνξ|αβ} + ∂_μs̃^μ . (5.84) Integrating twice by parts in (5.84) and taking into account the mixed symmetry of Φ̃λμνξ|αβ, we infer that a_0 = kF_{λμνξ|αβ}Φ̃^{λμνξ|αβ} + ∂_μl^μ , (5.85) with k = 1/8p. Acting now with γ on (5.85), we obtain that γa_0 = −3kη_{γδτ} ∂_σ ( F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} + F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{σδτ |γ} ) −

−3kG_{δτ |σ} ∂_γ ( F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} ) + ∂_μl̄^μ , (5.86)

for some l̄^μ. From (5.86) we observe that a_0 satisfies the equation (5.76) if and only if ∂_σ ( F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} ) = 0 , ∂_γ ( F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} ) = 0 . (5.87)

Since the quantity between parentheses in (5.87) has the same mixed symmetry like the tensor field t_{γδτ |σ}, with the help of the relations (2.45)–(2.46) we determine that F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} = ∂_ρ∂_θψ^{γδτ ρ|σθ} , (5.88) for some ψ^{γδτ ρ|σθ} with the mixed symmetry of the curvature tensor, that depends on the undifferentiated tensor field t_{λμν|α}. Computing the left-hand side of (5.88), we arrive at −F_{λμνξ|αβ} ∂Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} = ∂_ρ∂_θ ( −8t_{λμν|β} ∂Φ̃^{λμνρ|βθ} ∂t_{γδτ |σ} ) + ∂^2Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ}∂t_γ′_δ′_τ ′_{|σ}′ × × (( ∂^θt_γ′_δ′_τ ′_{|σ}′ ) ∂^ρ ( σ_{θα}σ_{ρ[λ} t_{μνξ]|β} − σ_{θβ}σ_{ρ[λ} t_{μνξ]|α} ) + + ( ∂^ρt_γ′_δ′_τ ′_{|σ}′ ) ∂^θ ( σ_{θα}σ_{ρ[λ} t_{μνξ]|β} − σ_{θβ}σ_{ρ[λ} t_{μνξ]|α} ) + + ( σ_{θα}σ_{ρ[λ} t_{μνξ]|β} − σ_{θβ}σ_{ρ[λ} t_{μνξ]|α} ) ∂^ρ∂^θt_γ′_δ′_τ ′_{|σ}′ ) + + ∂^3Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ}∂t_γ′_δ′_τ ′_{|σ}′ ∂t_γ′′_δ′′_τ ′′_{|σ}′′ ( σ_{θα}σ_{ρ[λ} t_{μνξ]|β} − σ_{θβ}σ_{ρ[λ} t_{μνξ]|α} ) × × ( ∂^θt_γ′_δ′_τ ′_{|σ}′ ) ( ∂^ρt_γ′′_δ′′_τ ′′_{|σ}′′ ) . (5.89)

– 26 –

The right-hand side of (5.89) can be written in the form of the right-hand side of (5.88) if and only if 8t_{λμν|β} ∂Φ̃^{λμνρ|βθ} ∂t_{γδτ |σ} = ψ^{γδτ ρ|σθ} , (5.90) ∂^2Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ} ∂t_γ′_δ′_τ ′_{|σ}′ = 0 , ∂^3Φ̃^{λμνξ|αβ} ∂t_{γδτ |σ}∂t_γ′_δ′_τ ′_{|σ}′ ∂t_γ′′_δ′′_τ ′′_{|σ}′′ = 0 . (5.91)

On the one hand, the requirement (5.91) restricts Φ̃^{λμνρ|βθ} to be linear in t_{λμν|α} and, on the other hand, we have the condition that Φ̃^{λμνρ|βθ} has the same mixed symmetry like the curvature tensor. These considerations fix Φ̃^{λμνρ|βθ} to be precisely of the type Φ̃^{λμνρ|βθ} = k^′Φ^{λμνρ|βθ} , (5.92) where k^′ is a real constant and Φ^{λμνρ|βθ} is the tensor involved in the functions (2.47) that yield the free field equations, being expressed by (2.48). Meanwhile, (5.92) fixes the value of p from (5.84) to p = 2. By direct computation we deduce that (5.90) is also satisfied, and get that ψ^{γδτ ρ|σθ} = −8k^′Φ^{γδτ ρ|σθ} . (5.93) Inserting (5.92) in (5.84) (and taking p = 2), we finally infer that

a_0 ([ t_{λμν|α} ]) = k^′ 2 t_{λμν|α}T^{λμν|α} + ∂_μl^μ , (5.94) hence (5.94) is (up to an irrelevant divergence) proportional with the original lagrangian. This solution is however trivial in H^0 (s|d) since it can be expressed like

a_0 = sb + ∂_μv^μ , gh (b) = −1 , gh (v^μ) = 0 , (5.95)

where b = k^′ 2 ( t^{∗λμν|α}t_{λμν|α} + G^{′∗μν|α}G^′_{μν|α} + C^{′∗να}C^′_{να} + C^{∗α}C_α ) , (5.96)

v^μ = ( l^μ + 3k^′ ( C^{′∗μα}C_α − 1 2 t^{∗μνρ|α}G^′_{νρ|α} ) − k^′G^{′∗μν|α}C^′_{να} ) . (5.97)

Then, in agreement with the discussion from the beginning of this section, the solution (5.94) can be safely removed from the first-order deformation by replacing it with

a_0 ([ t_{λμν|α} ]) = 0, (5.98)

and hence there are no non-trivial interactions, invariant under the original gauge symmetries (2.8), that can be added to the action (2.1) (type (i) interactions).

The results (5.49), (5.57), (5.63), (5.74) and (5.98) allow us to write that

S_1 = 0 , (5.99)

which further yields that we can set

S_k = 0 , k > 1 , (5.100)

– 27 – as solutions to the higher-order deformation equations (4.5), etc. The general conclusion of this section is that, under the assumptions of Lorentz covariance, Poincaré invariance and space-time locality of the deformations, combined with the requirement on the maximum derivative order of the interacting lagrangian to be equal to two, there are no consistent and non-trivial self-interactions for the mixed symmetry-type tensor t_{λμν|α}, described in D ≥ 5 space-time dimensions by the action (2.1), subject to the gauge symmetries (2.8).

6. No consistent cross-interactions with the Pauli-Fierz field

The next aim of this paper is to investigate the interactions between the tensor field t_{λμν|α} and a non-interacting massless spin-2 field h_{μν} , described by the Pauli-Fierz action [20]. The self-interactions of a single massless spin-2 field have been extensively studied in the literature and are known to lead to the Einstein-Hilbert action with a cosmological term. A recent cohomological treatment of a collection of non-interacting massless spin-2 fields [27] confirms this result and, moreover, establishes that there are no consistent cross-couplings in multi-graviton theories. In fact, it is proved that the only possible deformations are given by a sum of individual Einstein-Hilbert actions, one for each spin-two field in the collection. In this section we will mainly focus on the cross-couplings, i.e., on the interactions that mix the fields t_{λμν|α} and h_{μν} , and will not insist on the cohomological construction of the Einstein-Hilbert action with a cosmological term, which can be found in detail in [27].

6.1 Free model and BRST symmetry We start from a free action, written as the sum between (2.1) and the Pauli-Fierz action in D ≥ 5 space-time dimensions

S_0 [ t_{λμν|α}, h_{μν} ] = S_0 [ t_{λμν|α} ] + S^{PF}_0 [h_{μν} ] , (6.1)

with

S^{PF}_0 [h_{μν} ] = ∫ d^Dx ( − 1 2 (∂^ρh^{μν} ) (∂_ρh_{μν} ) + (∂_ρh^{ρμ}) ( ∂^λh_{λμ} ) − − (∂^ρh) ( ∂^λh_{λρ} ) + 1 2 (∂^ρh) (∂_ρh) ) , (6.2)

where h_{μν} is symmetric and h denotes its trace. Action (6.2) is invariant under the abelian and irreducible gauge transformations

δ_ϵh_{μν} = ∂_{(μ} ϵ_{ν)} . (6.3)

The presence of the gauge transformations (6.3) shows that the functions that define the field equations of the Pauli-Fierz action

δS^{PF}_0 δh_{μν} ≡ −2H^{μν} ≈ 0 , (6.4)

are not all independent, but satisfy the Noether identities

∂_μH^{μν} = 0 . (6.5)

– 28 –

In the above, H^{μν} represents the linearized Einstein tensor H^{μν} = K^{μν} − 1 2 σ^{μν} K = − 1 2 ( □h^{μν} + ∂^μ∂^ν h − ∂_ρ∂^{(μ} h^{ν)ρ} + σ^{μν} ( ∂_α∂_βh^{αβ} − □h )) , (6.6) H^{μν} = H^{νμ} , (6.7)

with K^{μν} the linearized Ricci tensor and K the linearized scalar curvature, which are defined with the help of the linearized Riemann tensor K^{μν|αβ} = − 1 2 ( ∂^μ∂^αh^{νβ} − ∂^ν ∂^αh^{μβ} − ∂^μ∂^βh^{να} + ∂^ν ∂^βh^{μα} ) , (6.8)

via its simple, respectively, double trace K^{μν} = K^{μ|αν}_α = − 1 2 ( □h^{μν} + ∂^μ∂^ν h − ∂_ρ∂^{(μ} h^{ν)ρ} ) , (6.9)

K = K^μ_μ = −□h + ∂_α∂_β h^{αβ} . (6.10)

The linearized Riemann tensor K^{μν|αβ} has the mixed symmetry of the rectangular twocolumn Young diagram K^{μν|αβ} = μ α ν β , (6.11)

so it is separately antisymmetric in the pairs μν and αβ K^{μν|αβ} = −K^{νμ|αβ} = −K^{μν|βα} , (6.12) is symmetric under the permutation of these pairs (μν ←→ αβ), K^{μν|αβ} = K^{αβ|μν} , (6.13) and satisfies the (algebraic) Bianchi I identity

K^{[μν|α]β} = 0 . (6.14)

In addition, it also fulfills the linearized (differential) Bianchi II identity

∂^{[λ} K^{μν]|αβ} = 0 . (6.15)

The most general gauge-invariant objects that can be constructed out of h_{μν} are the linearized Riemann tensor and its space-time derivatives. The Pauli-Fierz action alone underlies a linear, free gauge theory of Cauchy order equal to two. Taking into account the fact that the Cauchy order of the theory describing the tensor field t_{λμν|α} is equal to four and that the action (6.1) does not couple t_{λμν|α} to the Pauli-Fierz field, we obtain that (6.1) is a linear, non-interacting gauge theory of Cauchy order equal to four.

The main features of the Pauli-Fierz theory can be understood in an elegant fashion via the generalized differential complex Ω_2 (M) of tensor fields with mixed symmetries

– 29 – corresponding to a maximal sequence of two-column Young diagrams, defined on a pseudoriemannian manifold M of dimension D. For details, see for instance [8] and [25]. We only recall here some basic results. If we denote by d̄ the associated operator (3-differential), which is third-order nilpotent, d̄^3 = 0, then we observe that linearized Riemann tensor is proportional with d̄^2 acting on the Pauli-Fierz field h_{μν} K_{μν|αβ} ∼ (¯ d^2h ) μναβ , hμν , Kμν|αβ ∈ Ω2 (M) . (6.16) Therefore, the Bianchi II identity (6.15) is nothing but a consequence of d̄^3 = 0 on Ω_2 (M) (¯ dK ) λμναβ = (¯ d^3h ) λμναβ ∼ ∂[λ K μν]|αβ ≡ 0 . (6.17) There appear interesting results if we refer to the generalized cohomology of d̄ on Ω_2 (M), where M has the trivial topology of R^D , combined with the operation of generalized Hodge duality. For example, let us consider a symmetric covariant tensor field H̄^{μν} , which is subject to the equation ∂_μH̄^{μν} = 0 . (6.18) Then, there exists a tensor Φ̄^{μα|νβ} with the mixed symmetry of the linearized Riemann tensor, such that H̄^{μν} = ∂_α∂_βΦ̄^{μα|νβ} . (6.19)

The above statement can be easily verified with respect to the linearized Einstein tensor (6.6), which satisfies the Noether identity (6.5) and can indeed be written in the form

H^{μν} = ∂_α∂_βΦ^{μα|νβ} , (6.20)

where the corresponding Φ^{μα|νβ} reads as Φ^{μα|νβ} = 1 2 ( −h^{μν} σ^{αβ} + h^{αν} σ^{μβ} + h^{μβ} σ^{αν} − − h^{αβ} σ^{μν} + ( σ^{μν} σ^{αβ} − σ^{αν} σ^{μβ} ) h ) . (6.21)

The BRST complex for the free theory (6.1), subject to the gauge symmetries (2.8) and (6.3), comprises the BRST generators introduced in section 3 and associated with the theory (2.1), as well as the Pauli-Fierz field h_{μν} , the fermionic ghost η_μ corresponding to the gauge invariance (6.3), together with the antifields h^{∗μν} and η^{∗μ} from the Pauli-Fierz sector. The BRST differential of the entire free gauge theory splits like in (3.7) and its components obey again the nilpotency and anticommutation relations (3.16). The actions of γ and δ on the BRST generators corresponding to the tensor field t_{λμν|α} are expressed by the formulas (3.17)–(3.26). [Also see the transformed ghosts/antifields (3.27) and (3.30), together with the accompanying formulas (3.29) and (3.32).] Related to the Pauli-Fierz sector, γ and δ act via the definitions

γh_{μν} = ∂_{(μ} η_{ν)} , γη_μ = 0 , (6.22) γh^{∗μν} = 0 = γη^{∗μ} , (6.23) δh_{μν} = 0 = δη_μ , (6.24) δh^{∗μν} = 2H_{μν} , δη^{∗μ} = −2∂_ν h^{∗νμ} . (6.25)

– 30 –

The pure ghost number and antighost number of the BRST generators corresponding to the tensor field t_{λμν|α} can be found in (3.8)–(3.15) (see also (3.28) and (3.31)), while for the Pauli-Fierz field/ghost/antifield sector are given below

pgh (h_{μν} ) = 0 , pgh (η_μ) = 1 , pgh (h^{∗μν} ) = 0 = pgh (η^{∗μ}) , (6.26) agh (h_{μν} ) = 0 = agh (η_μ) , agh (h^{∗μν} ) = 1 , agh (η^{∗μ}) = 2 . (6.27)

In agreement with the general line of the antifield-BRST method, it results that the free BRST differential s for the theory (6.1) is canonically generated in the antibracket (s· = (·, S)) by the solution to the master equation (S, S) = 0, which in our case has the form

S = S^t + S^h , (6.28)

where S^t is given by the right-hand side of (3.34) and

S^h = S^{PF}_0 [h_{μν} ] + ∫ d^Dx h^{∗μν} ∂_{(μ} η_{ν)} . (6.29)

It is understood that the present antibracket takes into account all the BRST generators, including those from the Pauli-Fierz sector.

6.2 H (γ) and H (δ|d) In order to determine the solution to the local first-order deformation equation (4.4), we proceed like in section 5, namely, we expand the non-integrated density according to the antighost number as in (5.2) and solve the equivalent tower of equations, given by (5.6) and (5.4)–(5.5). It is convenient to split the first-order deformation into

a = a^{h−h} + a^{h−t} , (6.30)

where a^{h−h} denotes the part responsible for the self-interactions of the Pauli-Fierz field and a^{h−t} signifies the component that describes only the cross-interactions between h_{μν} and t_{λμν|α}. (We have seen in the previous section that we can take the component related to the self-interactions of the tensor field t_{λμν|α} to be trivial, so we already discarded it from (6.30).) Then, a^{h−h} is completely known (for a detailed analysis, see for instance [27])

a^{h−h} = a^{h−h}_0 + a^{h−h}_1 + a^{h−h}_2 , (6.31)

where

a^{h−h}_2 = η^{∗μ}η^α∂_μη_α , (6.32) a^{h−h}_1 = −h^{∗μν} η^α (∂_μh_{να} + ∂_ν h_{μα} − ∂_αh_{μν} ) , (6.33)

and a^{h−h}_0 is the cubic vertex of the Einstein-Hilbert lagrangian plus a cosmological term. Inserting (6.30) in (5.2) and using the fact that the first component already obeys the equation sa^{h−h} = ∂_μu^μ , (6.34)

– 31 – it follows that only a^{h−t} is unknown, being subject to the equation

sa^{h−t} = ∂_μw^μ . (6.35)

If we develop a^{h−t} according to the antighost number^6

a^{h−t} = I∑ k=0 a^{h−t}_k , agh ( a^{h−t}_k ) = k , gh ( a^{h−t}_k ) = 0 , ε ( a^{h−t}_k ) = 0, (6.36)

then (6.35) is equivalent to the tower of equations^7

γa^{h−t}_I = 0 , (6.37)

δa^{h−t}_I + γa^{h−t}_{I−1} = ∂_μ^{(I−1)}w μ , (6.38)

δa^{h−t}_k + γa^{h−t}_{k−1} = ∂_μ^{(k−1)}w μ , I − 1 ≥ k ≥ 1 , (6.39)

where (_{(k)} w μ) k=0,I are some local currents, with agh (_{(k)} w μ) = k . We recall that due to (6.35) a^{h−t} belongs to the cohomological space H^0 (s|d), so on the one hand it is defined up to sexact modulo d objects, i.e., we can always replace a^{h−t} with a^{h−t} + sb + ∂_μt^μ, gh (b) = −1, gh (t^μ) = 0, and on the other hand we can always discard the purely trivial deformations, namely, if a^{h−t} = sb + ∂_μt^μ, then we can safely set a^{h−t} = 0.

The equation (6.37) shows that a^{h−t}_I ∈ H (γ), such that its solution is unique up to trivial (γ-exact) contributions, a^{h−t}_I → a^{h−t}_I + γb_I , while any purely γ-exact solution a^{h−t}_I = γb_I can be taken to vanish, a^{h−t}_I = 0. In order to infer the general solution to this equation, we initially examine the structure of H (γ). To this end, we observe from (3.21) and (6.23) that all the antifields π^{∗Θ} ≡ ( Π^{∗Δ}, h^{∗μν} , η^{∗μ} ) , (6.40)

(where Π^{∗Δ} are given in (5.10)) and their derivatives are non-trivial elements from H (γ). Meanwhile, as γ acts on the original tensor fields via the gauge transformations (2.8) and (6.3) with the gauge parameters replaced by the ghosts, it results that the objects pertaining to H (γ) constructed out of these fields coincide with the gauge-invariant ones, so they are the curvature tensor (2.29), the linearized Riemann tensor (6.8), as well as all their derivatives. (They are γ-non-trivial.) From (6.22) we observe that the undifferentiated Pauli-Fierz ghost η_μ and its antisymmetric first-order derivatives ∂_{[μ} η_{ν]} are non-trivial elements pertaining to H (γ), while the symmetric part of its first-order derivatives is γexact (see the former relation in (6.22)), and so are all their second- and higher-order derivatives since ∂_α∂_β η_μ = 1 2 γ ( ∂_{(α} h_{β)μ} − ∂_μh_{αβ} ) . (6.41)

6We stress again that the assumption on a^{h−t} ending at a finite antighost number is not a restriction; it only ensures that the corresponding interacting lagrangian a^{h−t}_0 contains a finite, but otherwise arbitrary, number of derivatives.

7The fact that it is possible to replace the equation γa^{h−t}_I = ∂μ^{(I)}w μ with (6.37) can be done like in the proof of corollary 1 from appendix A.

– 32 –

Related to the theory (2.1), we have determined in section 5 the non-trivial objects from H (γ) involving only the ghosts and their derivatives. They are contained in the array (5.25), to which we further address. Thus, the general local solution to (6.37) is expressed (up to trivial, γ-exact contributions) by

a^{h−t}_I = α^{h−t}_I ([ π^{∗Θ} ] , [ F_{λμνξ|αβ} ] , [ K_{μν|αβ} ]) e^I ( η_μ, ∂_{[μ} η_{ν]}, C_ν , F_{λμνα} ) , (6.42)

for I > 0, where the γ-invariant objects α^{h−t}_I (of pure ghost number equal to zero) are required to fulfill agh ( α^{h−t}_I ) = I, and the notation e^I stands for a generic notation of the elements with pure ghost number equal to I of a basis in the space of polynomials in the corresponding ghosts and antisymmetrized first-order derivatives (this space is again finitedimensional, like in the case of the theory (2.1) alone, since all the ghosts anticommute). In addition, every single term in a^{h−t}_I must contain at least one generator (field or ghost or antifield) from each of the two theories in order to provide effective cross-interactions. As they have a bounded number of derivatives, the quantities α^{h−t}_I are in fact polynomials in the antifields, in the curvature tensor (2.29), in the linearized Riemann tensor, and also in their derivatives. They represent the most general non-trivial elements from H^0 (γ) and will again be called “invariant polynomials” (for the larger free gauge theory (6.1), subject to the gauge symmetries (2.8) and (6.3)).

Substituting the solution (6.42) into the equation (6.38) and taking into account the definitions (3.17)–(3.21) and (6.22– 6.23), we obtain, like in the previous investigated situation, that a necessary condition for the equation (6.38) to possess (non-trivial) solutions with respect to a^{h−t}_{I−1} for all I > 0 is that the polynomials α^{h−t}_I are (non-trivial) objects from the local cohomology group of the Koszul-Tate differential at antighost number I and pure ghost number zero, H_I (δ|d)

δα^{h−t}_I = ∂_μ^{(I−1)}k μ , agh (_{(I−1)} k μ) = I − 1 ≥ 0 , pgh (_{(I−1)} k μ) = 0 . (6.43)

Since the present model is a linear gauge theory of Cauchy order equal to four, we have that [26, 28] H_I (δ|d) = 0 . (6.44)

Meantime, it remains valid the result that if the invariant polynomial α^{h−t}_I is trivial in H_I (δ|d) for I ≥ 4, then it can be chosen to be trivial also in^8 H^{inv}_I (δ|d) ( α^{h−t}_I = δb_{I+1} + ∂_μ^{(I)}c μ , agh ( α^{h−t}_I ) = I ≥ 4 ) ⇒ α^{h−t}_I = δβ_{I+1} + ∂_μ^{(I)}γ μ , (6.45)

with both β_{I+1} and^{(I)}γ μ invariant polynomials. As a consequence, we have that

H^{inv}_I (δ|d) = 0 , I > 4 , (6.46)

where H^{inv}_I (δ|d) denotes, like before, the local cohomology group of the Koszul-Tate differential at antighost number I in the space of invariant polynomials. On account of

8The proof can be realized in the same manner like theorem 3 from appendix B, with the precaution to include in an appropriate manner the dependence on the Pauli-Fierz sector.

– 33 – the definitions (3.29) and (6.25), we are able to identify the non-trivial representatives of (H_I (δ|d))_{I=2,3,4}, as well as of ( H^{inv}_I (δ|d) ) I=2,3,4, under the form agh non-trivial representatives spanning H_I (δ|d) and H^{inv}_I (δ|d) I > 4 none I = 4 C^{∗ν} I = 3 C^{′∗να} I = 2 G^{′∗μν|α}, η^{∗μ}

(6.47)

Similar to the case of the free theory describing the mixed symmetry-type tensor field t_{λμν|α}, we note that here we also have no non-trivial element in (H_I (δ|d))_{I≥2} or ( H^{inv}_I (δ|d) ) I≥2 that involves the curvature tensors and/or their derivatives, the same observation being valid with respect to the objects that are more than linear in the antifields and/or depend on their derivatives. Like before, we require that a^{h−t} is Poincaré-invariant, so we exclude from its last representative, (6.42), the presence of non-trivial invariant polynomials α_I belonging to H_I (δ|d) or H^{inv}_I (δ|d) that effectively depend on the space-time co-ordinates. As for the cohomological group H_1 (δ|d), its determination is a difficult task, but we will solve the deformation equations without explicitly computing it.

The cohomology groups H_I (δ|d) and H^{inv} (δ|d) at strictly positive antighost numbers give us information on the obstructions to remove the antifields from the first-order deformation. As a consequence of the result (6.46), we can eliminate all the terms with I > 4 from the expansion (6.36) by adding to it only trivial pieces, and thus work with I ≤ 4. This can be done like in appendix C. The last representative of (6.36) is of the type (6.42), with the corresponding invariant polynomials necessarily non-trivial in H^{inv}_I (δ|d) for I = 2, 3, 4, respectively in H_1 (δ|d) for I = 1.

6.3 The case I = 4

For I = 4, the first-order deformation (6.36) becomes

a^{h−t} = a^{h−t}_0 + a^{h−t}_1 + a^{h−t}_2 + a^{h−t}_3 + a^{h−t}_4 , (6.48)

with the γ-non-trivial part of a^{h−t}_4 of the form (6.42)

a^{h−t}_4 = α^{h−t}_4 e^4 ( η_μ, ∂_{[μ} η_{ν]}, C_ν , F_{λμνα} ) + γb_4 , (6.49)

and the invariant polynomial α^{h−t}_4 a non-trivial object from H^{inv}_4 (δ|d). We maintain the requirement on the maximum derivative order of a^{h−t}_0 being equal to two and observe that, according to (6.47), α^{h−t}_4 can only be linear in the undifferentiated antifield C^{∗ν} . Consequently, we must select from the elements e^4 with pure ghost number equal to four only those having at most one space-time derivative (the terms with two or more derivatives lead, according to the relations (3.29), (3.32), (5.18) and (6.22), to corresponding pieces in a^{h−t}_0 containing at least three derivatives). Meanwhile, we must be careful to include at least one ghost field from the Pauli-Fierz sector (otherwise, we go back to the problem of constructing consistent self-interactions for the tensor field t_{λμν|α}, which we have seen

– 34 – in the previous section that exhibits no consistent non-trivial solutions). Therefore, we remain only with the following elements e^4 obeying all these conditions

eligible e^4 : ( η_μη_ν η_ρη_σ, η_μη_ν η_ρ∂_{[σ} η_{τ ]}, η_μη_ν η_ρF_λ′_μ′_ν′_ρ′ , C_μη_ν , C_μ∂_{[ν} η_{ρ]} ) , (6.50) which then yield

a^{h−t}_4 = C^∗_λ ( η_μη_ν η_ρ ( f^{λμνρσ} 1 η_σ + f^{λμνρστ}_2 ∂_{[σ} η_{τ ]} + f^{λμνρλ′μ′ν′ρ′} 3 F_λ′_μ′_ν′_ρ′ ) + +C_μ ( f^{λμν}_4 η_ν + f^{λμνρ}_5 ∂_{[ν} η_{ρ]} )) + γb_4 . (6.51) All the coefficients denoted by f must be constant (neither derivative nor depending on the space-time co-ordinates). Recalling that we work in D ≥ 5 space-time dimensions, we find the following admitted representatives:

• in D = 5 dimensions a^{(D=5)h−t}

4 = c_1ε^{λμνρσ} C^∗_λη_μη_ν η_ρη_σ + γb^{(D=5)}_4 ; (6.52) • in D = 6 dimensions a^{(D=6)h−t}

4 = c_2ε^{λμνρστ} C^∗_λη_μη_ν η_ρ∂_{[σ} η_{τ ]} + γb^{(D=6)}_4 ; (6.53) • in D = 8 dimensions a^{(D=8)h−t}

4 = c_3ε^{λμνρλ′ μ′ν′ρ′} C^∗_λη_μη_ν η_ρF_λ′_μ′_ν′_ρ′ + γb^{(D=8)}_4 ; (6.54) • in all D ≥ 5 dimensions a^{(D)h−t} 4 = C^{∗λ} ( c^′_2η_λη^ση^τ ∂_{[σ} η_{τ ]} + c^′_3η^μη^ν η^ρF_{λμνρ} + c^′_5C^μ∂_{[λ} η_{μ]} ) + γb^{(D)}_4 . (6.55) Direct computation shows that the terms containing at least one undifferentiated Pauli- Fierz ghost cannot produce a consistent component of antighost number three in (6.48), irrespective of the γ-exact contribution from (6.52)–(6.55), and hence we must set c_1 = c_2 = c_3 = c^′_2 = c^′_3 = 0 , (6.56) which leaves us with a single candidate, namely, a^{h−t}_4 = c^′_5C^{∗λ}C^μ∂_{[λ} η_{μ]} + γb_4 . (6.57) We will now show that (6.57) is not consistent at antighost number two, i.e., the equation δa^{h−t}_4 + γa^{h−t}_3 = ∂_μ^{(3)}w μ , (6.58) possesses non-trivial solutions with respect to a^{h−t}_3 , while the next equation δa^{h−t}_3 + γa^{h−t}_2 = ∂_μ^{(2)}w μ , (6.59)

– 35 – exhibits no non-zero solutions for a^{h−t}_2 . It is convenient (in order to simplify later developments) to fix the γ-exact term in (6.57) to the value

b_4 = c^′_5C^{∗λ}C^μh_{λμ} , (6.60)

which further gives, on behalf of the last definitions in (3.20)–(3.21) combined with the first relation from (6.22) a^{h−t}_4 = 2c^′_5C^{∗λ}C^μ∂_λη_μ . (6.61)

Inserting (6.61) in (6.58), straightforward calculations produce

a^{h−t}_3 = 2c^′_5C^{′∗λμ} ( C^{′ ν}_λ ∂_μη_ν + 3C^ν ( ∂_{(λ} h_{μ)ν} − ∂_ν h_{λμ} )) , (6.62)

and thus we then get

δa^{h−t}_3 = ∂_μ ( −4c^′_5G^{′∗μν|λ} ( C^{′ ρ}_ν ∂_λη_ρ + 3C^ρ ( ∂_{(λ} h_{ν)ρ} − ∂_ρh_{λν} ))) + +γ ( −2c^′_5G^{′∗μν|λ} ( G^{′ ρ}_{μν|} ∂_λη_ρ + C^{′ ρ}_μ ( ∂_{(λ} h_{ν)ρ} − ∂_ρh_{λν} ))) − −12c^′_5G^{′∗μν|α}K_{μν|αβ} C^β , (6.63) with K_{μν|αβ} the linearized Riemann tensor (6.8) and the prime variables defined in (3.27) and (3.30). Comparing (6.59) with (6.63), we can state that (6.59) admits solutions for a^{h−t}_2 if and only if −12c^′_5G^{′∗μν|α}K_{μν|αβ} C^β = γb_2 + ∂_μ^{(2)}m μ , (6.64)

for some b_2 and^{(2)}m μ with the properties

agh (b_2) = 2 = agh

(_{(2)} m μ) , pgh (b_2) = 2 , pgh

(_{(2)} m μ) = 3 . (6.65)

We find ourselves in a situation similar to that from the end of the subsection 5.2. Indeed, we remark that the left-hand side of (6.64) is a non-trivial element from H^3 (γ) of antighost number two, with the accompanying invariant polynomial of the form −12c^′_5G^{′∗μν|α}K_{μν|αβ} , such that we must set b_2 = 0, while the same expression cannot be written like a divergence, so we also have that^{(2)}m μ = 0. The above observations lead to the conclusion that (6.64) holds if and only if c^′_5 = 0 , (6.66)

which further implies, via (6.61), a^{h−t}_4 = 0 . (6.67)

Consequently, the first-order deformation (6.36) that describes the cross-interactions between the Pauli-Fierz field and the mixed symmetry-type tensor t_{λμν|α} can be taken to stop at an antighost number I ≤ 3.

– 36 –

6.4 The case I = 3 Assuming now that I = 3, we have that the first-order deformation (6.36) reduces to a^{h−t} = a^{h−t}_0 + a^{h−t}_1 + a^{h−t}_2 + a^{h−t}_3 , (6.68) where the last representative is a^{h−t}_3 = α^{h−t}_3 e^3 ( η_μ, ∂_{[μ} η_{ν]}, C_ν , F_{λμνα} ) + γb_3 , (6.69) with α^{h−t}_3 non-trivial in H^{inv}_3 (δ|d). Following the same line like in the previous subsection, we apply the result from (6.47), according to which α^{h−t}_3 is linear in the antifield C^{′∗}_{λμ}, such that the elements e^3 that can be used to construct an a^{h−t}_3 with the desired properties (fulfilling the derivative order assumption and providing effective cross-interactions between the two types of tensor fields) are spanned by eligible e^3 : ( η_ν η_ρη_σ, η_ν η_ρ∂_{[σ} η_{τ ]}, η_ν η_ρF_λ′_μ′_ν′_ρ′ ) , (6.70) so we obtain that

a^{h−t}_3 = C^{′∗}_{λμ}η_ν η_ρ ( f^{λμνρσ} 1 η_σ + f^{λμνρστ}_2 ∂_{[σ} η_{τ ]} + f^{λμνρλ′μ′ν′ρ′} 3 F_λ′_μ′_ν′_ρ′ ) + γb_3. (6.71) All the coefficients denoted by f are restricted, as everywhere before, to be constant. By organizing the emerging acceptable (Lorentz-covariant and Poincaré-invariant) combinations according to the space-time dimension, we consequently arrive at:

• in D = 5 dimensions a^{(D=5)h−t}

3 = c_1ε^{λμνρσ} C^{′∗}_{λμ}η_ν η_ρη_σ + γb^{(D=5)}_3 ; (6.72) • in D = 6 dimensions a^{(D=6)h−t}

3 = c_2ε^{λμνρστ} C^{′∗}_{λμ}η_ν η_ρ∂_{[σ} η_{τ ]} + γb^{(D=6)}_3 ; (6.73) • in D = 8 dimensions a^{(D=8)h−t} 3 = c_3ε^{λμνρλ′ μ′ν′ρ′} C^{′∗}_{λμ}η_ν η_ρF_λ′_μ′_ν′_ρ′ + γb^{(D=8)}_3 ; (6.74) • in all D ≥ 5 dimensions a^{(D)h−t} 3 = C^{′∗λμ} ( c^′_2σ_{λμ}η^ν η^ρ∂_{[ν} η_{ρ]} + c^{′′}_2 η_λη^ν ∂_{[μ} η_{ν]} + c^′_3η^ν η^ρF_{λμνρ} ) + γb^{(D)}_3 . (6.75) Straightforward computation shows that (6.72)–(6.75) cannot be lifted to antighost number two, i.e., there are no solutions a^{h−t}_2 to the equation δa^{h−t}_3 + γa^{h−t}_2 = ∂_μ^{(2)}w μ , irrespective of what γ-exact contributions we take in their right-hand sides, so we must set c_1 = c_2 = c_3 = c^′_2 = c^{′′}_2 = c^′_3 = 0, (6.76) which leads to a^{h−t}_3 = 0 , (6.77) and so the first-order deformation a^{h−t} cannot end at antighost number three either.

– 37 –

6.5 The case I = 2 The next possible maximum value of the antighost number in the expansion (6.36) is I = 2, in which case a^{h−t} reads a^{h−t} = a^{h−t}_0 + a^{h−t}_1 + a^{h−t}_2 , (6.78) where a^{h−t}_2 belongs to H^2 (γ), and hence is of the form

a^{h−t}_2 = α^{h−t}_2 e^2 ( η_μ, ∂_{[μ} η_{ν]}, F_{λμνα} ) + γb_2 , (6.79)

and α^{h−t}_2 is a non-trivial object from H^{inv}_2 (δ|d). We have seen in the subsection 6.2, formula (6.47), that H^{inv}_2 (δ|d) is spanned by the antifields G^{′∗μν|α} and η^{∗μ}. This is actually the first place where the Pauli-Fierz theory brings non-trivial contributions to the local cohomology of the Koszul-Tate differential. Taking into account the actions of δ on these antifields (the first definition in (3.29), respectively the last one in (6.25)), and also on those with antighost number one (the first relation in (3.23) and (6.25) respectively), we observe that e^2 cannot include more than one space-time derivative in order to ensure an a^{h−t}_0 with at most two derivatives. Meanwhile, for a^{h−t} to describe cross-interactions, the terms proportional with G^{′∗μν|α} must involve at least one of the combinations η_μ or ∂_{[μ} η_{ν]}, while those linear in η^{∗μ} are required to depend on F_{λμνα}. The above considerations render the eligible e^2 like eligible e^2 : ( η_ν η_ρ, η_ν ∂_{[ρ} η_{σ]}, η_ν F_λ′_μ′_ν′_ρ′ ) , (6.80) which, appended to the general assumptions of Lorentz covariance and Poincaré invariance, then yield a^{h−t}_2 = G^{′∗}_{λμ|α}η_ν ( f^{λμανρ} 1 η_ρ + f^{λμανρσ} 2 ∂_{[ρ} η_{σ]} + f^{λμανλ′μ′ν′ρ′} 3 F_λ′_μ′_ν′_ρ′ ) + +f^{λμλ′μ′ν′ρ′} 4 η^∗_λη_μF_λ′_μ′_ν′_ρ′ + γb_2 , (6.81)

where all the f’s are constant. Structuring the independent possibilities like in the above, according to the space-time dimension, we get:

• in D = 5 dimensions

a^{(D=5)h−t}

2 = c_1ε^{λμανρ}G^{′∗}_{λμ|α}η_ν η_ρ + γb^{(D=5)}_2 ; (6.82)

• in D = 6 dimensions

a^{(D=6)h−t} 2 = c_2ε^{λμανρσ} G^{′∗}_{λμ|α}η_ν ∂_{[ρ} η_{σ]} + +c_4ε^{λμλ′ μ′ν′ρ′} η^∗_λη_μF_λ′_μ′_ν′_ρ′ + γb^{(D=6)}_2 ; (6.83)

• in D = 8 dimensions

a^{(D=8)h−t} 2 = c_3ε^{λμανλ′ μ′ν′ρ′} G^{′∗}_{λμ|α}η_ν F_λ′_μ′_ν′_ρ′ + γb^{(D=8)}_2 ; (6.84) • in all D ≥ 5 dimensions a^{(D)h−t} 2 = G^{′∗λμ|α} ( c^′_2η_α∂_{[λ} η_{μ]} + c^{′′}_2 σ_{μα}η^μ∂_{[λ} η_{μ]} + c^′_3η^ν F_{λμαν} ) + γb^{(D)}_2 . (6.85)

– 38 –

Due to the presence in all the previous representatives of H^2 (γ) of at least one undifferentiated Pauli-Fierz ghost, it results that they cannot be appropriately lifted to a^{h−t}_1 as solution to the equation δa^{h−t}_2 + γa^{h−t}_1 = ∂_μ^{(1)}w μ , such that we are obliged to take

c_1 = c_2 = c_4 = c_3 = c^′_2 = c^{′′}_2 = c^′_3 = 0 , (6.86)

which further produces a^{h−t}_2 = 0 , (6.87)

so we conclude that the first-order deformation a^{h−t} can only stop at I ≤ 1. Thus, there are no non-trivial cross-interactions between the tensor field t_{λμν|α} and the Pauli-Fierz field complying with all the above mentioned requirements that modify the original abelian gauge algebra (type (iii) cross-couplings).

6.6 The case I = 1

For I = 1, the first-order deformation (6.36) reduces to

a^{h−t} = a^{h−t}_0 + a^{h−t}_1 , (6.88)

with a^{h−t}_1 from H^1 (γ)

a^{h−t}_1 = α^{h−t}_1 e^1 ( η_μ, ∂_{[μ} η_{ν]}, F_{λμνα} ) + γb_1 , (6.89)

and α^{h−t}_1 necessarily an element from H_1 (δ|d), such that

α^{h−t}_1 = α^{h−t}_1 ([ t^{∗λμν|α} ] , [h^{∗μν} ] , [ F_{λμνξ|αβ} ] , [ K_{μν|αβ} ]) , δα^{h−t}_1 = ∂_μt^μ . (6.90)

The elements of pure ghost number equal to one of a basis in the space of polynomials in η_μ, ∂_{[μ} η_{ν]} and F_{λμνα} are spanned by

e^1 : ( η_μ, ∂_{[μ} η_{ν]}, F_{λμνα} ) , (6.91)

while the invariant polynomial α^{h−t}_1 ∈ H_1 (δ|d) is linear in the antifields t^{∗λμν|α}, h^{∗μν} and in their derivatives up to some finite orders, as these are the only generators of antighost number equal to one from the BRST complex. The group H_1 (δ|d) at pure ghost number zero is infinite-dimensional. However, the assumption on the maximum derivative order of a^{h−t}_0 being equal to two helps us in avoiding the difficult task of computing H_1 (δ|d). More precisely, this requirement restricts α^{h−t}_1 not to depend on either the curvatures or their derivatives. Indeed, assuming that α^{h−t}_1 involves any of the curvatures, then the component from (6.90) with the minimum number of derivatives is linear in the undifferentiated antifields, in the undifferentiated curvatures, as well as in the undifferentiated Pauli-Fierz ghost. If consistent, it would produce an a^{h−t}_0 with three space-time derivatives. Along the same line, α^{h−t}_1 cannot contain more that the first-order derivatives of the antifields. Regarding the terms including the first-order derivatives of the antifields, we can always make (by an integration by parts in the corresponding functional) the derivative to act on e^1, and therefore they can be taken to be linear in the undifferentiated antifields. As the

– 39 – first-order derivatives of ∂_{[μ} η_{ν]} and F_{λμνα} are γ-exact, the corresponding terms in a^{h−t}_1 can be discarded since they are γ-trivial. The piece displaying the first-order derivatives of η_μ can always be made proportional with ∂_{[μ} η_{ν]} by adding irrelevant, γ-exact objects, so it can be taken to depend only on the undifferentiated antifields. In consequence, the dependence of α^{h−t}_1 on the first-order derivatives of the antifields can be removed. Accordingly, we can write that

a^{h−t}_1 = α^{h−t}_{1lin} ( t^{∗λμν|α}, h^{∗μν} ) e^1 ( η_μ, ∂_{[μ} η_{ν]}, F_{λμνα} ) + γb_1 . (6.92)

Selecting only the non-trivial terms that potentially lead to cross-couplings among the two types of tensor fields, we arrive at a^{h−t}_1 = t^∗_{λμν|α} ( f^{λμναρ} 1 η_ρ + f^{λμναρσ} 2 ∂_{[ρ} η_{σ]} ) + f^{λμνρσα} 3 h^∗_{λμ}F_{νρσα} + γb_1 , (6.93)

where all the coefficients denoted by f are required to be constant. Taking into account the identity (3.3) satisfied by the antifield t^∗_{λμν|α}, it follows that any solution containing Levi- Civita symbols contracted on all the indices of this antifield vanish. Invoking in addition the symmetry of the Pauli-Fierz antifield, we remain with a single candidate in all D ≥ 5 dimensions a^{h−t}_1 = ct^{∗λμ}∂_{[λ} η_{μ]} , (6.94)

where the notation t^{∗λμ} is explained in (3.6). (For convenience, we took b_1 = 0 in (6.93).) We observe that the first definition from (3.23) together with the identity (2.27) yield δa^{h−t}_1 under a divergence-like form δa^{h−t}_1 = ∂_μ ( 2cη_λT^{λμ} ) , (6.95)

where T^{λμ} is expressed in (2.23). Consequently, the corresponding a^{h−t}_0 as solution to the equation

δa^{h−t}_1 + γa^{h−t}_0 = ∂_μ^{(0)}w μ , (6.96)

can be taken equal to zero a^{h−t}_0 = 0 , (6.97)

so we obtain that the first-order deformation (6.88) reduces to its antighost number one component a^{h−t} = a^{h−t}_1 = ct^{∗λμ}∂_{[λ} η_{μ]} . (6.98)

This solution presents a strange behavior. It modifies the gauge transformations of the tensor field t_{λμν|α} at order one in the coupling constant by elements involving the Pauli-Fierz gauge parameter, but adds no coupling terms with the Pauli-Fierz field to the deformed lagrangian action. Actually, the solution (6.98) is purely trivial in H^0 (s|d). In order to see this, we observe that (6.95) is nothing but the standard equation satisfied by the elements from the local cohomology of the Koszul-Tate differential, and therefore a^{h−t}_1 belongs to H (δ|d) at antighost number one and pure ghost number one. According to the footnote 4, this cohomology is trivial, i.e., a^{h−t}_1 = δc^{h−t}_2 + ∂_μj^μ_1 , for some c^{h−t}_2 and j^μ_1 with

– 40 – agh ( c^{h−t}_2 ) = 2, agh (j^μ_1 ) = pgh ( c^{h−t}_2 ) = pgh (j^μ_1 ) = 1. Indeed, from the first definition in (3.29) and the second relation in (6.24), we get that

a^{h−t}_1 = δ ( − 2c 3 G^{′∗μν|α}σ_{να}η_μ ) + ∂_μ ( −2ct^{∗λμ}η_λ ) . (6.99)

Due to the γ-invariance of the Pauli-Fierz ghost and of all the antifields, the relations (6.98)– (6.99) allow us to write

a^{h−t} = s ( − 2c 3 G^{′∗μν|α}σ_{να}η_μ ) + ∂_μ ( −2ct^{∗λμ}η_λ ) , (6.100)

and hence (6.98) is indeed trivial in H^0 (s|d), such that it can be safely removed from the first-order deformation. In conclusion, the deformation procedure allows no non-trivial cross-couplings that change the original gauge transformations (2.8) and (6.3) (type (ii) interactions).

6.7 The case I = 0

We are now left with one more case, where the first-order deformation (6.36) coincides with its antighost number zero component (I = 0)

a^{h−t} = a^{h−t}_0 ([ t_{λμν|α} ] , [h_{μν} ] ) , (6.101)

with γa^{h−t}_0 = ∂_μ^{(0)}w μ , (6.102)

being understood that we discard the divergence-like solutions. As we have discussed in the subsection 5.5, there appear two different situations. The first one is associated with (0) w μ = 0 in (6.102) and its solutions are constructed from the gauge-invariant quantities, which are the curvatures and their derivatives

γa^{′h−t}_0 = 0 ⇒ a^{′h−t}_0 = a^{′h−t}_0 ([ F_{λμνξ|αβ} ] , [ K_{μν|αβ} ]) . (6.103)

However, the cross-coupling component with the minimum number of derivatives from a^{′h−t}_0 is of order four in the space-time derivatives, being proportional with F_{λμνξ|αβ} K_μ′_ν′_{|α}′_β′ , and therefore the solutions (6.103) are not eligible, as they disagree with the assumption on the maximum derivative order of the interacting lagrangian being equal to two.

The second situation corresponds to^{(0)}w μ ≠ 0 in (6.102). Denoting the Euler-Lagrange derivatives of a^{h−t}_0 by B^{λμν|α} ≡ δa^{h−t}_0 δt_{λμν|α} , D^{μν} ≡ δa^{h−t}_0 δh_{μν} , (6.104)

and using the definition (3.17) together with the first relation from (6.22), the equation (6.102) further implies that

∂_αB^{λμν|α} = 0 , ∂_λB^{λμν|α} = 0 , ∂_μD^{μν} = 0 . (6.105)

– 41 –

The tensor B^{λμν|α} has the same mixed symmetry like t_{λμν|α} and D^{μν} is symmetric. Moreover, B^{λμν|α} and D^{μν} must involve at least one Pauli-Fierz field, respectively, one tensor field t_{λμν|α} in order to provide cross-couplings. According to the considerations from the section 2 and the subsection 6.1 (see the formulas (2.45)–(2.46) and (6.18)–(6.19)), the solutions to the equations (6.105) are of the type^9

δa^{h−t}_0 δt_{λμν|α} ≡ B^{λμν|α} = ∂_ξ∂_βΦ̃^{λμνξ|αβ} , δa^{h−t}_0 δh_{μν} ≡ D^{μν} = ∂_α∂_βΦ̄^{μα|νβ} , (6.106)

where Φ̃^{λμνξ|αβ} and Φ̄^{μα|νβ} depend only on the undifferentiated fields h_{μν} and t_{λμν|α} (otherwise, the corresponding a^{h−t}_0 would be more than second-order in the derivatives), with Φ̃λμνξ|αβ having the mixed symmetry of the curvature tensor F λμνξ|αβ and Φ̄μα|νβ that of the linearized Riemann tensor. From now on we proceed along the line employed in the subsection 5.6. In view of this, we introduce a derivation on the algebra of non-integrated densities depending on t_{λμν|α}, h_{μν} and on their derivatives, that counts the powers of the fields and their derivatives

N̄ = ∑ n≥0 ( ( ∂_{μ1} · · · ∂_{μn} t_{λμν|α} ) ∂ ∂ ( ∂_{μ1} · · · ∂_{μn} t_{λμν|α} ) +

+ (∂_{μ1} · · · ∂_{μn} h_{μν} ) ∂ ∂ (∂_{μ1} · · · ∂_{μn} h_{μν} ) ) , (6.107)

and observe that the action of N̄ on an arbitrary non-integrated density ū is N̄ū = t_{λμν|α} δū δt_{λμν|α} + h_{μν} δū δh_{μν} + ∂_μr^μ , (6.108)

where δū/δt_{λμν|α} and δū/δh_{μν} denote the variational derivatives of ū. In the case where ū is an homogeneous polynomial of order p > 0 in the fields and their derivatives, we have that N̄ū = pū, and so

ū = 1 p ( t_{λμν|α} δū δt_{λμν|α} + h_{μν} δū δh_{μν} ) + ∂_μ ( 1 p r^μ ) . (6.109)

As a_0 can always be decomposed as a sum of homogeneous polynomials of various orders, it is enough to analyze the equation (6.102) for a fixed value of p. Putting ū = a^{h−t}_0 in (6.109) and inserting (6.106) in the associated relation, we can write

a^{h−t}_0 = 1 p ( t_{λμν|α}∂_ξ∂_βΦ̃^{λμνξ|αβ} + h_{μν} ∂_α∂_βΦ̄^{μα|νβ} ) + ∂_μr̄^μ . (6.110)

Integrating two times by parts in (6.110) and recalling the mixed symmetries of Φ̃^{λμνξ|αβ} and Φ̄^{μα|νβ}, we infer that a^{h−t}_0 = k_1F_{λμνξ|αβ}Φ̃^{λμνξ|αβ} + k_2K_{μα|νβ}Φ̄^{μα|νβ} + ∂_μl̄^μ , (6.111) 9The solution D^{μν} ∼ σ^{μν} leads to a0 ∼ h and it does not describe cross-couplings, but only a cosmological term for the spin-two field. This term is separately included among the consistent deformations of the Pauli- Fierz theory (see the formula (6.119)).

– 42 – with k_1 = 1/8p and k_2 = −1/2p. By computing the action of γ on (6.111) and following a reasoning similar to that applied between the formulas (5.86) and (5.93), we obtain that Φ̃λμνξ|αβ and Φ̄μα|νβ are precisely of the type Φ̃^{λμνξ|αβ} = k^′Φ^{λμνξ|αβ} , Φ̄^{μα|νβ} = k^{′′}Φ^{μα|νβ} , (6.112) where k^′ and k^{′′} are real constants, while Φ^{λμνξ|αβ} and Φ^{μα|νβ} are the tensors involved in the functions (2.47) and (6.20) that define free field equations, being respectively expressed by (2.48) and (6.21). Accordingly, the admitted value of p is fixed to p = 2 . Replacing (6.112) in (6.110) for p = 2, we finally arrive at

a^{h−t}_0 ([ t_{λμν|α} ] , [h_{μν} ] ) = k^′ 2 t_{λμν|α}T^{λμν|α} + k^{′′} 2 h_{μν} H^{μν} + ∂_μr̄^μ . (6.113)

The solution (6.113) is not eligible since it gives no cross-couplings between the two types of investigated tensor fields. In fact, it is (up to an irrelevant divergence) a linear combination of the original free lagrangians, so it is trivial in H^0 (s|d). Therefore, we can always discard it from the first-order deformation

a^{h−t}_0 ([ t_{λμν|α} ] , [h_{μν} ] ) = 0 . (6.114)

In consequence, there are no cross-couplings invariant under the gauge transformations (2.8) and (6.3) that can be added to the free action (6.1) (type (i) interactions).

Putting together the results contained in this section, we can state that

S^{h−t}_1 = 0 , (6.115)

and so S_1 = S^{h−h}_1 , (6.116)

where S^{h−h}_1 is the first-order deformation of the solution to the master equation for the Pauli-Fierz theory. The consistency of the deformed solution to the master equation at the second order in the coupling constant is governed by the equation (4.5), where (S^{h−h}_1 , S^{h−t}_1 ) = 0 = (S^{h−t}_1 , S^{h−t}_1 ), but (S^{h−h}_1 , S^{h−h}_1 ) ≠ 0, and thus we have that S^{h−t}_2 = 0, while S^{h−h}_2 is highly non-trivial and is known to describe the quartic vertex of the Einstein- Hilbert action, as well as the second-order contributions to the gauge transformations and to the associated non-abelian gauge algebra. The vanishing of S^{h−t}_1 and S^{h−t}_2 further leads, via the equations that stipulate the higher-order deformation equations, to the result that

S^{h−t}_k = 0 , k ≥ 1 . (6.117)

The conclusion of this section is that, under the simultaneous requirements of Lorentz covariance, Poincaré invariance and space-time locality of the deformations, combined with the requirement on the maximum derivative order of the interacting lagrangian being equal to two, there are no non-trivial and consistent cross-interactions between the Pauli-Fierz field and the mixed symmetry-type tensor field t_{λμν|α} in D ≥ 5 dimensions.

– 43 –

The only pieces that can be added to the action (6.1) are given by the self-interactions of the Pauli-Fierz field, so we can write that

S^{int}_0 [ t_{λμν|α}, h_{μν} ] = S^{EH} [g_{μν} ] + S_0 [ t_{λμν|α} ] , (6.118)

where S^{EH} [g_{μν} ] is the Einstein-Hilbert action

S^{EH} [g_{μν} ] = 2 κ^2 ∫ d^Dx √ −g (R − 2Λ) , (6.119)

g_{μν} = σ_{μν} + κh_{μν} , κ = g^{(1)}κ +g^{2 (2)}κ + · · · . (6.120)

Action (6.119) is known to be invariant under the deformed gauge transformations (diffeomorphisms) 1 κ δ_ϵg_{μν} = ϵ_{μ;ν} + ϵ_{ν;μ} , (6.121)

with ϵ_{μ;ν} the covariant derivative of ϵ_μ from General Relativity. In the above R represents the full scalar curvature for the metric g_{μν} , and Λ denotes the cosmological constant

Λ = g^{(1)}Λ +g^{2 (2)}Λ + · · · . (6.122)

7. Couplings to matter: broken Poincaré invariance

7.1 “Free” model and BRST description

The final scope of our paper is to analyze the possible consistent interactions between the tensor field t_{λμν|α} and matter fields. In view of this, let us consider the “free” action

S_0 [ t_{λμν|α}, y^i ] = S_0 [ t_{λμν|α} ] + S^{matt} [ y^i ] , (7.1)

where S^{matt} describes a generic matter theory

S^{matt} [ y^i ] = ∫ d^DxL ([ y^i ]) , (7.2)

which is at most second-order derivative. The fields y^i are assumed to have no non-trivial gauge symmetries, the only “true” gauge transformations of the action (7.1) being those of the field t_{λμν|α} δ_{ϵ,χ}t_{λμν|α} = 3∂_αϵ_{λμν} + ∂_{[λ} ϵ_{μν]α} + ∂_{[λ} χ_{μν]|α} , δ_{ϵ,χ}y^i = 0 . (7.3) In particular, the field equations of (7.1) with respect to t_{λμν|α} are nothing but (2.20), with the corresponding functions fulfilling the Noether identities (2.26), while those for the matter fields δ^LS_0 [ t_{λμν|α}, y^i ] δy^i = δ^LL δy^i ≈ 0 , (7.4)

are expressed via independent left Euler-Lagrange derivatives δ^LL/δy^i. In the sequel we will denote the Grassmann parity of the field y^i by ε_i. We allow the matter action to

– 44 – include couplings among the fields y^i, but presume that the Cauchy order of this theory alone is equal to one. This is however not a restrictive assumption since all the usual matter theories satisfy it. Accordingly, we obtain that the Cauchy order of the entire theory (7.1) is equal to four. From (7.3) we observe that the most general gauge-invariant objects of this “free” model are polynomials in the curvature tensor F_{λμνξ|αβ} , in the matter fields y^i, as well as in all their derivatives.

The BRST differential of this system decomposes like in (3.7) and its components are still governed by the equations (3.16). The actions of γ and δ on the BRST generators corresponding to the tensor field t_{λμν|α} are expressed by the formulas (3.17)–(3.26) (see also (3.29) and (3.32)), while on those from the matter sector read as

γy^i = 0 , γy^∗_i = 0 , δy^i = 0 , δy^∗_i = − δ^LL δy^i , (7.5)

where pgh ( y^i ) = 0 = pgh (y^∗_i ) , agh ( y^i ) = 0 , agh (y^∗_i ) = 1 , (7.6)

and y^∗_i denote the antifields of the matter fields, of Grassmann parity ε(y^∗_i ) = (ε_i +1)mod 2. The canonical action of the BRST differential, s· = (·, S), where the antibracket is extended such as to include the matter fields and their antifields, is generated by the solution to the master equation (S, S) = 0, which takes the simple form

S = S^t + S^{matt} [ y^i ] , (7.7)

where S^t is given by the right-hand side of (3.34).

7.2 H (γ) and H (δ|d) The non-integrated density of the first-order deformation a for this model can be split like in the subsection 6.2, namely, a = a^{m−m} + a^{m−t} , (7.8)

where a^{m−m} governs the self-interactions of the matter fields and a^{m−t} controls the crossinteractions between y^i and t_{λμν|α}. (According to the general result of section 5, there is no non-trivial piece related to the self-interactions of the tensor field t_{λμν|α}.) Naturally, a is subject to the equation and conditions from the relation (5.1). Since the matter theory possesses no non-trivial gauge symmetries, it follows that a^{m−m} coincides with its antighost number zero component a^{m−m} = a^{m−m}_0 ([ y^i ]) , (7.9)

which is already non-trivial in H^0 (γ) and, actually, in H^0 (s)

sa^{m−m} = γa^{m−m}_0 ([ y^i ]) = 0 . (7.10)

We will ask in addition that the derivative order of a^{m−m}_0 does not exceed that of the original matter lagrangian L ([ y^i ]) , which was assumed to be at most equal to two. Inserting (7.8) in (5.1) and using (7.10), we find that a^{m−t} itself must be a non-trivial element of H^0 (s|d)

sa^{m−t} = ∂_μm^μ . (7.11)

– 45 –

In order to solve the last equation, we proceed in the standard manner, namely, we develop a^{m−t} according to the antighost number up to a finite value

a^{m−t} = I∑ k=0 a^{m−t}_k , agh ( a^{m−t}_k ) = k , gh ( a^{m−t}_k ) = 0 , ε ( a^{m−t}_k ) = 0 , (7.12)

such that (7.12) becomes equivalent to the tower of equations^{10}

γa^{m−t}_I = 0 , (7.13)

δa^{m−t}_I + γa^{m−t}_{I−1} = ∂_μ^{(I−1)}m μ , (7.14)

δa^{m−t}_k + γa^{m−t}_{k−1} = ∂_μ^{(k−1)}m μ , I − 1 ≥ k ≥ 1 , (7.15)

where (_{(k)} m μ) k=0,I are some local currents, with agh (_{(k)} m μ) = k.

From (7.13) we read that the element of maximum antighost number, a^{m−t}_I , belongs, as usually, to the non-trivial part of the cohomology H (γ) of the overall “free” theory (7.1). The first two definitions in (7.5) show that the presence of the matter fields simply adds to the cohomology H (γ) discussed in the subsection 5.1 the dependence on the fields y^i, on their antifields y^∗_i , as well as on their space-time derivatives, such that the general solution to (7.13) is (up to irrelevant, γ-exact terms)

a^{m−t}_I = α^{m−t}_I ([ Π^{∗Δ} ] , [y^∗_i ] , [ F_{λμνξ|αβ} ] , [ y^i ]) ω^I (C_ν , F_{λμνα}) , (7.16)

for all I > 0, where the notations Π^{∗Δ} and ω^I have been introduced in the subsection 5.1 (see (5.10) and (5.26)). We observe that the matter sector contributes only to the invariant polynomials of the theory (7.1), while the elements ω^I are entirely due to the part corresponding to the tensor field t_{λμν|α}. Substituting (7.16) in (7.14), we conclude, like before, that a necessary condition for the existence of (non-trivial) solutions a^{m−t}_{I−1} is that α^{m−t}_I are (non-trivial) objects from the local cohomology of the Koszul-Tate differential at antighost number I > 0 and zero pure ghost number. Meanwhile, α^{m−t}_I must involve at least one matter generator in order to provide a corresponding lagrangian a^{m−t}_0 that gives cross-couplings between y^i and t_{λμν|α}. Recalling once again the general theorems on the local cohomology of the Koszul-Tate differential together with the fact that the Cauchy order of the “free” theory (7.1) is equal to four, we obtain that (5.29) is valid also in this case. The result (5.30) is true and can be shown to hold like in the proof of theorem 3 from appendix B, and hence (5.31) is still checked. Moreover, we assumed that the Cauchy order of the matter theory alone is equal to one, such that the matter sector cannot be nontrivially involved in H_I (δ|d) and H^{inv}_I (δ|d) = 0 at I > 1. As a consequence, the non-trivial representatives of (H_I (δ|d))_{I=2,3,4} and ( H^{inv}_I (δ|d) ) I=2,3,4 are still covered by (5.32). Thus,

we can always take I ≤ 4 in (7.12) (see appendix C), but the cases I = 4, 3, 2 have already been studied in the subsections 5.2, 5.3 and respectively 5.4, where it was shown that there are no deformations. Anyway, even if we obtained non-trivial first-order deformations, they would describe only the self-interactions of the tensor field t_{λμν|α}.

10The fact that we can replace the equation γa^{m−t}_I = ∂μ^{(I−1)}m μ with (7.13) is shown precisely like in the proof of corollary 1 from appendix A.

– 46 –

It is now clear that the cross-interactions between the tensor field t_{μν|αβ} and the matter fields y^i at the first order in the coupling constant may be produced just by a first-order deformation of the master equation that stops at antighost number one, I = 1.

7.3 The case I = 1 For I = 1, the first-order deformation (7.12) decomposes into

a^{t−matt} = a^{t−matt}_1 + a^{t−matt}_0 , (7.17)

where a^{t−matt}

1 (γa^{t−matt}_1 = 0) is of the form (7.16) for I = 1

a^{t−matt}

1 = α^{t−matt}_1 ([ t^{∗λμν|α} ] , [y^∗_i ] , [ F_{λμνξ|αβ} ] , [ y^i ]) ω^1 (F_{λμνα}) + γb^{t−matt}_1 , (7.18)

and ω^1 are given in (5.66). Moreover, a^{t−matt}_1 is subject to the equation

δa^{t−matt}

1 + γa^{t−matt}_0 = ∂_μ^{(0)}m μ , (7.19)

so the invariant polynomial α^{t−matt}_1 is necessarily a non-trivial element from H_1 (δ|d). Since α^{t−matt}

1 has the antighost number equal to one, it is linear in the antifields t^{∗λμν|α}, y^∗_i , as well as in their derivatives. We will initially discuss the restrictions on α^{t−matt}_1 imposed by the assumption on the maximum derivative order of a^{t−matt}_0 being equal to two, and then analyze in detail the equation (7.19). First, α^{t−matt}_1 cannot involve either the curvature F_{λμνξ|αβ} or its derivatives and, along the same line, the second- or higher-order derivatives of the matter fields. Second, the eligible terms containing the objects [ t^{∗λμν|α} ] cannot involve the derivatives of the antifields t^{∗λμν|α} and may depend at most on the undifferentiated matter fields y^i. Third, the admitted pieces involving the quantities [y^∗_i ] may be of two types: ones are proportional with y^∗_i and the others with their first-order derivatives.^{11} We can always move the derivatives from y^∗_i in the latter type of components by performing an integration by parts in the corresponding functionals. Ignoring the divergences, taking into account the fact that the first-order derivatives of ω^1 are γ-exact and that any polynomial in [ y^i ] is γ-closed, we reach precisely the former type of terms, linear in the undifferentiated antifields y^∗_i , so the pieces containing the first-order derivatives of the antifields y^∗_i can be discarded from α^{t−matt}_1 . In consequence, the eligible objects from α^{t−matt}_1 implying [y^∗_i ] contain the undifferentiated antifields y^∗_i and may depend on y^i and ∂y^i (with the precaution from the footnote 11). Under these circumstances, we have that

a^{t−matt} 1 = f^{λμναλ′μ′ν′α′} ( y^i ) t^∗_{λμν|α}F_λ′_μ′_ν′_α′ + y^∗_i g^i_{λμνα} ( y^j, ∂y^j ) F^{λμνα} + +γb^{t−matt} 1 ≡ a^{′t−matt} 1 + a^{′′t−matt}

1 , (7.20)

where we used the notations

a^{′t−matt} 1 = f^{λμναλ′μ′ν′α′} ( y^i ) t^∗_{λμν|α}F_λ′_μ′_ν′_α′ + γb^{′t−matt}_1 , (7.21) a^{′′t−matt} 1 = y^∗_i g^i_{λμνα} ( y^j, ∂y^j ) F^{λμνα} + γb^{′′t−matt} 1 , (7.22) b^{t−matt}

1 = b^{′t−matt}

1 + b^{′′t−matt}

1 . (7.23)

11The first-order derivatives of the matter fields are allowed to enter a^{t−matt}_1 only if the matter theory is first-order in the derivatives.

– 47 –

The function f^{λμναλ′μ′ν′α′} is bosonic, while g^i_{λμνα} possesses the Grassmann parity ε_i and, moreover, f^{λμναλ′μ′ν′α′} must effectively involve the matter fields y^i, because otherwise the corresponding a^{′t−matt}_1 cannot lead to cross-couplings.

The term a^{′t−matt}_1 , if consistently lifted to antighost number zero, would produce a lagrangian a^{′t−matt}_0 that is quadratic in the tensor field t_{λμν|α}, while a^{′′t−matt}_1 would give an a^{′′t−matt}

0 that is linear in the same field, and hence a^{′t−matt}_1 and a^{′′t−matt}_1 contribute to different types of vertices. Therefore, the equation (7.19) is equivalent to two equations, that must hold independently δa^{′t−matt} 1 + γa^{′t−matt}_0 = ∂_μ^{(0)}m ′μ , (7.24) δa^{′′t−matt} 1 + γa^{′′t−matt}

0 = ∂_μ^{(0)}m ′′μ . (7.25)

Related to (7.21), we note that the identity (3.3) prevents the tensors f_1 and f_2 to contain Levi-Civita symbols contracted on all the indices of t^∗_{λμν|α}, such that we remain with the following independent possibility in D = 6 dimensions a^{′(D=6)} 1 = σ^{αβ} ε^{λμνλ′μ′ν′} f ( y^i ) t^∗_{λμν|α}F_λ′_μ′_ν′_β + γb^{′(D=6)}_1 . (7.26)

In the above f is a bosonic function of the undifferentiated matter fields. Proceeding in a manner similar to that from the subsection 5.5 we find that (7.26) leads to a consistent a^{′(D=6)} 0 if and only if it is γ-trivial, i.e., f ( y^i ) = 0.

As a consequence, we can always set

a^{′t−matt}

1 = 0 (7.27)

in (7.20), such that the non-trivial cross-couplings between the tensor field t_{λμν|α} and the matter fields y^i may be obtained starting from an antighost number one component of the first-order deformation which can only be linear in the matter antifields

a^{t−matt}

1 = a^{′′t−matt} 1 = y^∗_i g^i_{λμνα} ( y^j , ∂y^j ) F^{λμνα} , (7.28)

where a^{′′t−matt}

1 must obey the equation (7.25) (we chose b^{′′t−matt}_1 = 0 in (7.22)). By direct computation, from (7.22) and (7.5) we get that δa^{′′t−matt} 1 = δ^RL δy^i g^i_{λμνα} ( y^j , ∂y^j ) F^{λμνα} , (7.29)

where the notation δ^RL/δy^i signifies the right Euler-Lagrange derivatives with respect to y^i. Comparing (7.29) with (7.25) and recalling the formula (5.18), we can state that (7.28) is consistent at antighost number zero if and only if there exists a bosonic current j^ρ_{λμνα} such that δ^RL δy^i g^i_{λμνα} ( y^j , ∂y^j ) = ∂_ρj^ρ_{λμνα} ( y^j , ∂y^j ) . (7.30)

The above relation is nothing but Noether’s theorem for the matter theory (7.2) corresponding to a rigid symmetry whose parameter is a bosonic, completely antisymmetric and constant tensor ξ^{λμνα} Δy^i = g^i_{λμνα} ( y^j, ∂y^j ) ξ^{λμνα} , ε ( ξ^{λμνα} ) = 0 . (7.31)

– 48 –

The equation (7.30) implements the necessary condition that the invariant polynomial from (7.28), namely, α^i_{1λμνα} = y^∗_i g^i_{λμνα} ( y^j, ∂y^j ) , (7.32)

belongs to H_1 (δ|d) and exhibits the natural relationship between the elements of H_1 (δ|d) and the global symmetries of the theory (7.1). However, in agreement with the general line developed in sections 5 and 6, α^i_{1λμνα} must be a non-trivial object from H_1 (δ|d), which is equivalent to the fact that there exist non-trivial global symmetries (7.31), and therefore non-trivial conserved currents (7.30). The form of a trivial global symmetry of the matter theory reads

Δy^i = δ^RL δy^j g^{ji}_A ξ^A , g^{ji}_A = − (−)^{εiεj} g^{ij}_A , (7.33) where ξ^A are the associated rigid parameters, such that Noether’s theorem becomes δ^RL δy^i δ^RL δy^j g^{ji}_A = ∂_μj^μ_A ≡ 0 , (7.34)

and so the identically conserved currents j^μ_A are also trivial

j^μ_A = ∂_ν k^{νμ}_A , k^{νμ}_A = −k^{μν}_A . (7.35)

Assuming that the matter theory indeed possesses a non-trivial rigid symmetry of the form (7.31), with the help of the relations (7.29)–(7.30) and (5.18) we find the solution to the equation (7.25) like

a^{t−matt}

0 = a^{′′t−matt} 0 = 1 3 j^ρ_{λμνα} ( y^j , ∂y^j ) ∂^{[λ} t^{μνα]|}_ρ . (7.36)

Putting together the formulas (7.28) and (7.36), we can write that the general expression of the first-order deformation (7.17) reads as

a^{t−matt} = y^∗_i g^i_{λμνα} ( y^j , ∂y^j ) F^{λμνα} + 1 3 j^ρ_{λμνα} ( y^j, ∂y^j ) ∂^{[λ} t^{μνα]|}_ρ . (7.37)

(In principle, one can always add to (7.37) quantities ā^{t−matt}_0 ([ t_{λμν|α} ] , [ y^i ]) that are γclosed modulo d, γā^{t−matt}_0 ([ t_{λμν|α} ] , [ y^i ]) = ∂_μp^μ. They are irrelevant anyway since they do not deform the original gauge transformations, but simply add gauge-invariant terms to the deformed lagrangian action. However, taking into account the supplementary conditions that must be satisfied by ā^{t−matt}_0 , like those on the maximum derivative order, on Poincaré invariance and on yielding effective cross-couplings, we find no suitable solutions ā^{t−matt}_0 in D ≥ 5 space-time dimensions, so (7.37) indeed represents the most general expression of the first-order deformation related to the cross-couplings between the tensor field t_{λμν|α} and the matter fields y^i.)

So far we have shown that there exist non-trivial deformations at the first order in the coupling constant describing cross-interactions between the tensor field t_{λμν|α} and the matter fields y^i if and only if the matter theory displays a non-trivial global symmetry of the form (7.31).

– 49 –

7.4 Higher-order deformations Combining (7.9) with (7.37), we obtained that the first-order deformation of the solution to the master equation for the theory (7.1) is

S_1 = ∫ d^Dx ( a^{m−m}_0 ([ y^i ]) + y^∗_i g^i_{λμνα} ( y^j, ∂y^j ) F^{λμνα} + + 1 3 j^ρ_{λμνα} ([ y^i ]) ∂^{[λ} t^{μνα]|}_ρ ) . (7.38)

Next, we investigate the equation (4.5), which governs the second-order deformation. If we make the notations S_2 = ∫ d^Dx b and^1_2 (S_1, S_1) = ∫ d^Dx θ, then the equation (4.5) takes the local form θ = −sb + ∂_μp^μ . (7.39)

By direct computation we find that θ = ( 1 3 ∂^{[λ′} t^{μ′ν′α′]|}_ρ δ^Rj^ρ_{λ′μ′ν′α′} δy^i + δ^Ra^{m−m}_0 δy^i ) g^i_{λμνα}F^{λμνα} +

+ 1 2 y^∗_i ( δ^Rg^i_{λμνα} δy^j g^j_{λ′μ′ν′α′} − δ^Rg^i_λ′_μ′_ν′_α′ δy^j g^j_{λμνα} ) F^{λμνα}F^{λ′μ′ν′α′} . (7.40) We observe that second term from the right-hand side of (7.40) cannot be written under a s-exact modulo d form,^{12} as required by (7.39), and therefore it must vanish δ^Rg^i_{λμνα} δy^j g^j_{λ′μ′ν′α′} − δ^Rg^i_λ′_μ′_ν′_α′ δy^j g^j_{λμνα} = 0 . (7.41)

The above condition (7.41) can be satisfied only in D = 6 space-time dimensions, where its solution depends on the space-time co-ordinates g^i_{λμνα} = cε_{λμναρσ} x^{[ρ} ∂^{σ]}y^i , (7.42) with c an arbitrary real constant. Replacing (7.42) in (7.31) and making the notation ε_{λμναρσ} ξ^{λμνα} ≡ ξ_{ρσ} , ξ_{ρσ} = −ξ_{ρσ} , (7.43) we get that (7.42) corresponds to the rigid symmetry

Δy^i = cx^{[ρ} ∂^{σ]}y^iξ_{ρσ} , (7.44)

of the matter action. The associated conserved current will also involve the space-time co-ordinates, and hence the deformed lagrangian (7.36) would break the required Poincaré invariance of the cross-interactions, so we must remove the piece (7.37) from (7.38) by setting c = 0. In this situation the first-order deformation (7.38) reduces to

S_1 = ∫ d^Dx a^{m−m}_0 ([ y^i ]) , (7.45)

12This is because: (1) it cannot reduce to a divergence; (2) it is a non-trivial element from H^2 (γ) of antighost number one; (3) it cannot be δ-exact unless the global symmetry (7.31) is trivial (see (7.33)).

– 50 – and it is already consistent to all higher-orders in the coupling constant, in the sense that the equations (4.5), etc., are fulfilled with the choice

S_k = 0 , k > 1 . (7.46)

Thus, the deformation procedure does not modify the gauge transformations (7.3) of the action (7.1), but simply adds arbitrary terms to the matter lagrangian (type (i) interactions).

The conclusion of this section is that, under the simultaneous requirements of Lorentz covariance, Poincaré invariance and space-time locality of the deformations, combined with the requirement on the maximum derivative order of the interacting lagrangian being equal to two, there are no consistent and non-trivial cross-interactions between the mixed symmetry-type tensor field t_{λμν|α} and matter fields in D ≥ 5 dimensions.

8. Conclusion

To conclude with, in this paper we have used the powerful reformulation of interactions in gauge theories by means of local BRST cohomology and proved that the free massless tensor field t_{λμν|α}, which is known to be dual to the Pauli-Fierz theory in D = 6 dimensions, admits no smooth, local, consistent self-interactions and, in the meantime, cannot be coupled either to the massless spin-two field or to matter fields. Our analysis was constantly based on the assumptions that the maximum derivative order of the interacting lagrangian is equal to two and that the deformations are Lorentz-covariant and Poincaré-invariant. It is possible that the relaxation of the condition on the derivative order allows non-trivial consistent interactions, at least with the massless spin-two field. We believe that the approach to this matter in the case where the derivative assumption is dropped out would simplify if one worked in the first-order formulation [13, 14] of such an “exotic” tensor field, instead of the second-order one used in the present paper, and also employed a tetrad-like description for the free limit of linearized General Relativity.

A. Cohomology of γ in the space of invariant polynomials

Theorem 1. The cohomology of d in form degree strictly less than D is trivial in the space of invariant polynomials with strictly positive antighost number. This means that the conditions

γα = 0 , dα = 0 , agh (α) > 0 , deg α < D , α = α ([ Π^{∗Δ} ] , [F ] ) , (A.1)

imply α = dβ, (A.2)

for some invariant polynomial β ([ Π^{∗Δ} ] , [F ] ) . Proof. The proof is standard and can be done like in [30]. □ In form degree D the theorem 1 is replaced with: let α = ρdx^0 ∧ · · · ∧ dx^{D−1} be a d-exact invariant polynomial of form degree D and of strictly positive antighost number,

– 51 – agh (α) = m > 0, deg (α) = D, α = dβ. Then, one can take the (D − 1)-form β to be an invariant polynomial (of antighost number m). In dual notations, this means that if ρ with agh (ρ) = m > 0 is an invariant polynomial whose Euler-Lagrange derivatives are all vanishing, ρ = ∂_μj^μ, then j^μ can be taken to be also invariant. Theorem 1 can be generalized as follows.

Theorem 2. The cohomology of d computed in H (γ) is trivial in form degree strictly less than D and in strictly positive antighost number H^{g,m}_k (d, H (γ)) = 0 , m > 0 , k < D , (A.3) where k is the form degree, m is the antighost number and g is the ghost number. Proof. The proof is standard and can be done like in [26], theorem 5.2. □ Theorem 2 is one of the main tools needed for the computation of H (s|d). In particular, it implies that there is no non-trivial descent for H (γ|d) in strictly positive antighost number.

Corollary 1. If a with agh (a) = m > 0 , gh (a) = g ≥ −m , deg (a) = k ≤ D, (A.4) satisfies the equation γa + db = 0, (A.5) where agh (b) = m > 0 , gh (b) = g + 1 , deg (b) = k − 1 < D , (A.6) then one can always redefine a a → a^′ = a + dν , (A.7) so that γa^′ = 0 . (A.8) Proof. We construct the descent associated with the equation (A.5). Acting with γ on (A.5), we find that d (−γb) = 0 , (A.9) such that the triviality of the cohomology of d implies that γb + dc = 0 , (A.10) where agh (c) = m > 0 , gh (c) = g + 2 , deg (c) = k − 2 . (A.11) Going on in the same way, we get the next equation from the descent γc + de = 0 , (A.12)

– 52 – with agh (e) = m > 0 , gh (e) = g + 3 , deg (e) = k − 3 , (A.13)

and so on. The descent stops after a finite number of steps with the last equations

γt + du = 0 , (A.14) γu + dv = 0 , (A.15) γv = 0 , (A.16)

either because v is a zero-form or because we stopped at a higher form-degree with a γclosed term. It is essential to remark that irrespective of the step at which the descent is cut, we have that

agh (v) = m > 0 , gh (v) = g^′ > m , deg (v) = k^′ < D . (A.17)

(The earliest step where the descent may terminate is v = b and, according to (A.6), we have that deg (b) = k − 1 < D and gh (b) = g + 1 > m.)

The equations (A.15)–(A.16) together with the conditions (A.17) tell us that v belongs to H^{g′,m}_{k′} (d, H (γ)) for m > 0, k^′ < D and g^′ > m, so theorem 2 guarantees that v is trivial in H^{g′,m}_{k′} (d, H (γ)) v = dν^′ + γρ^′ , γν^′ = 0 , (A.18)

which^{13} substituted in (A.15) allows us, due to the anticommutation between d and γ, to replace it with the equivalent equation

γu^′ = 0 , (A.19)

where u^′ = u − dρ^′ . (A.20)

In the meantime, (A.20) and the nilpotency of d induces that du^′ = du, such that the equation (A.14) becomes γt+du^′ = 0. Reprising the same argument in relation with (A.19) and the last equation, we find that it can be replaced with γt^′ = 0, where t^′ = t − dρ^{′′} and ρ^{′′} comes from u^′ = dν^{′′} + γρ^{′′}, with γν^{′′} = 0. Performing exactly the same operations for the remaining equations from the descent, we finally infer that (A.5) is equivalent with γa^′ = 0, where a^′ = a − dρ^{′′′} and ρ^{′′′} appears in b^′ = dν^{′′′} + γρ^{′′′}, with γν^{′′′} = 0. The corollary is now demonstrated once we perform the obvious identification ν = −ρ^{′′′}. □

B. Some results on the invariant cohomology H^{inv} (δ|d)

Here, we prove that if an invariant polynomial α_I is trivial in H_I (δ|d), then it can be taken to be trivial also in H^{inv}_I (δ|d). We consider only the case I ≥ 4 since our main scope is to argue the triviality of H^{inv} (δ|d) in antighost number strictly greater than four. First, we prove the following lemma.

13Note that if the descent stops in form degree zero, deg (v) = 0, then the proof remains valid with the sole modification ν^′ = 0 in (A.18).

– 53 –

Lemma 1. Let α be a δ-exact invariant polynomial

α = δβ . (B.1)

Then, β can also be taken to be an invariant polynomial.

Proof. Let v be a function of [ Π^{∗Δ} ] and [ t_{λμν|α} ] . The dependence of v on [ t_{λμν|α} ] can be reorganized as a dependence on the curvature and its derivatives, [F ], and on { t̃_{λμν|α} } = { t_{λμν|α}, ∂t_{λμν|α}, · · · } , where t̃_{λμν|α} are not γ-invariant. If v is γ-invariant, then it does not involve { t̃_{λμν|α} } , i.e., v = v|_{t̃λμν|α=0}, so we have by hypothesis that α = α|_{t̃λμν|α=0} . (B.2) On the other hand, β depends in general on [ Π^{∗Δ} ] , [F ] and { t̃_{λμν|α} } . Making t̃_{λμν|α} = 0 in (B.1), using (B.2) and taking into account the fact that δ commutes with the operation of setting t̃_{λμν|α} equal to zero, we find that α = δ ( β|_{t̃λμν|α=0} ) , (B.3)

with β|_{t̃λμν|α=0} invariant. This proves the lemma. □ Now, we have the necessary tools for proving the next theorem.

Theorem 3. Let α^p_k be an invariant polynomial with deg ( α^p_k ) = p and agh ( α^p_k ) = k, which is δ-exact modulo d

α^p_k = δλ^p_{k+1} + dλ^{p−1}_k , k ≥ 4 . (B.4)

Then, we can choose λ^p_{k+1} and λ^{p−1}_k to be invariant polynomials.

Proof. Initially, by successively acting with d and δ on (B.4) we obtain a tower of equations of the same type. Indeed, acting with d on (B.4) we find that dα^p_k = −δ ( dλ^p_{k+1} ) . On the other hand, as dα^p_k is invariant, by means of lemma 1 we obtain that dα^p_k = −δα^{p+1}_{k+1}, with α^{p+1}_{k+1} invariant. From the last two relations we deduce that δ(α^{p+1}_{k+1} − dλ^p_{k+1}) = 0. As δ is acyclic at strictly positive antighost numbers, the last relation implies that

α^{p+1}_{k+1} = δλ^{p+1}_{k+2} + dλ^p_{k+1} . (B.5)

Starting now with (B.5) and reprising the same operations like those performed between the formulas (B.4) and (B.5), we obtain a descent that stops in form degree D with the equation α^D_{k+D−p} = δλ^D_{k+D−p+1} + dλ^{D−1}_{k+D−p}. Now, we act with δ on (B.4) and deduce that δα^p_k = −dδλ^{p−1}_k . As δα^p_k is invariant and of strictly positive antighost number, due to the theorem 1 we obtain that δα^p_k = −dα^{p−1}_{k−1}, where α^{p−1}_{k−1} is invariant. Using the last two relations we get that d(α^{p−1}_{k−1} − δλ^{p−1}_k ) = 0, such that it follows

α^{p−1}_{k−1} = δλ^{p−1}_k + dλ^{p−2}_{k−1} . (B.6)

If k = 4, we cannot go down since by assumption k ≥ 4, and so the bottom of the tower is (B.4) for k = 4. Starting from (B.6) and reprising the same procedure we reach a

– 54 – descent that ends at either form degree zero or antighost number four, hence the last equation respectively takes the form

α^0_{k−p} = δλ^0_{k−p+1} , (B.7) or α^{p−k+4} 4 = δλ^{p−k+4}_5 + dλ^{p−k+3}_4 . (B.8) In consequence, the procedure described in the above leads to the chain α^D_{k+D−p} = δλ^D_{k+D−p+1} + dλ^{D−1}_{k+D−p} , . . α^{p+1}_{k+1} = δλ^{p+1}_{k+2} + dλ^p_{k+1} ,

α^p_k = δλ^p_{k+1} + dλ^{p−1}_k , α^{p−1}_{k−1} = δλ^{p−1}_k + dλ^{p−2}_{k−1} , . . α^0_{k−p} = δλ^0_{k−p+1} or α^{p−k+4}_4 = δλ^{p−k+4}_5 + dλ^{p−k+3}_4 . (B.9)

All the α’s in the descent (B.9) are invariant.

Now, we show that if one of the λ’s in (B.9) is invariant, then all the other λ’s can be taken to be also invariant. Indeed, let λ^{A−1}_B be invariant. It is involved in two of the equations from (B.9), namely

α^A_B = δλ^A_{B+1} + dλ^{A−1}_B , (B.10) α^{A−1}_{B−1} = δλ^{A−1}_B + dλ^{A−2}_{B−1} . (B.11)

From (B.10) it results that α^A_B − dλ^{A−1}_B is invariant. Then, in agreement with lemma 1 the object λ^A_{B+1} can be chosen to be invariant. Using (B.11), we have that α^{A−1}_{B−1} − δλ^{A−1}_B is invariant, such that theorem 1 ensures that λ^{A−2}_{B−1} is also invariant. On the other hand, λ^A_{B+1} and λ^{A−2}_{B−1} are involved in other two sets of equations from the descent. (For instance, the former element appears in the equations α^{A+1}_{B+1} = δλ^{A+1}_{B+2} + dλ^A_{B+1} and α^{A+2}_{B+2} = δλ^{A+2}_{B+3} + dλ^{A+1}_{B+2}.) Going on in the same fashion, we find that all the λ’s are invariant. In the case where λ^{A−1}_B appears at the top or at the bottom of the descent, we act in a similar way, but only with respect to a single equation. The above considerations emphasize that it is enough to verify the theorem in form degree D.

If k > D, the last equation from the descent (B.9) for p = D reads as

α^0_{k−D} = δλ^0_{k−D+1} . (B.12)

Using lemma 1, it results that λ^0_{k−D+1} can be taken to be invariant, such that all the λ’s from the descent can be chosen invariant.

In the sequel we consider the case 4 ≤ k ≤ D. Here we will use an inductive procedure to be made clear below. The top equation from (B.9) for p = D, written in dual notations, takes the form α_k = δλ_{k+1} + ∂_μλ^μ_k , k ≥ 4 . (B.13)

– 55 –

On the other hand, we can express α_k in terms of its Euler-Lagrange (E.L.) derivatives by means of the homotopy formula

α_k =

∫_1 0 dτ ( δ^Rα_k δC^∗_α (τ) C^∗_α + δ^Rα_k δC^{′∗}_{αβ} (τ) C^{′∗}_{αβ} + δ^Rα_k δG^{′∗}_{μν|α} (τ) G^{′∗}_{μν|α} +

+ δ^Rα_k δt^∗_{μνλ|α} (τ) t^∗_{μνλ|α} + δ^Rα_k δt_{μνλ|α} (τ) t_{μνλ|α} ) + ∂_μj^μ_k , (B.14)

where^{δRαk}_{δC∗α} (τ) =^{δRαk}_{δC∗α} ( τ [ t_{μνλ|α} ] , τ [ Π^{∗Δ} ]) and similarly for the other terms. Denoting the E.L. derivatives of λ_{k+1} by δ^Rλ_{k+1} δC^∗_α = G^α_{k−3} , δ^Rλ_{k+1} δC^{′∗}_{αβ} = K^{αβ}_{k−2} , δ^Rλ_{k+1} δG^{′∗}_{μν|α} = M^{μν|α}_{k−1} , (B.15) δ^Rλ_{k+1} δt^∗_{μνλ|α} = N^{μνλ|α}_k , δ^Rλ_{k+1} δt_{μνλ|α} = L^{μνλ|α}_{k+1} , (B.16)

and using (B.13) we find after some computation that the E.L. derivatives of α_k are given by δ^Rα_k δC^∗_α = δG^α_{k−3} , δ^Rα_k δC^{′∗}_{αβ} = −δK^{αβ}_{k−2} − 6∂^αG^β_{k−3} , (B.17) δ^Rα_k δG^{′∗}_{μν|α} = δM^{μν|α}_{k−1} − ∂^{[μ} K^{ν]α}_{k−2} , δ^Rα_k δt^∗_{μνλ|α} = −δN^{μνλ|α}_k + ∂^{[μ} M^{νλ]α}_{k−1} , (B.18) δ^Rα_k δt_{μνλ|α} = δL^{μνλ|α}_{k+1} + ∂^ρ∂_ρN^{λμν|α}_k − ∂_ρ ( ∂^{[λ} N^{μν]ρ|α} k + ∂^αN^{λμν|ρ}_k ) + + ∂^α∂^{[λ} N^{μν]ρ|τ}_k σ_{ρτ} + σ^{α[λ} ∂_ρ ( ∂_β N^{μν]ρ|β} k − ∂^μN^{ν]ρσ|τ}_k σ_{στ} ) − − σ^{α[λ} ∂^ρ∂_ρN^{μν]σ|τ}_k σ_{στ} . (B.19) As the E.L. derivatives of an invariant quantity are also invariant, the former equation in (B.17) together with lemma 1 lead to δ^Rα_k δC^∗_α = δḠ^α_{k−3} , (B.20)

with Ḡ^α_{k−3} invariant. Following a similar reasoning, we find that δ^Rα_k δC^{′∗}_{αβ} = −δK̄^{αβ}_{k−2} − 6∂^αḠ^β_{k−3} , (B.21) δ^Rα_k δG^{′∗}_{μν|α} = δM̄^{μν|α}_{k−1} − ∂^{[μ} K̄^{ν]α}_{k−2} , δ^Rα_k δt^∗_{μνλ|α} = −δN̄^{μνλ|α}_k + ∂^{[μ} M̄^{νλ]α}_{k−1} , (B.22) δ^Rα_k δt_{μνλ|α} = δL̄^{μνλ|α}_{k+1} + ∂^ρ∂_ρN̄^{λμν|α}_k − ∂_ρ ( ∂^{[λ} N̄^{μν]ρ|α} k + ∂^αN̄^{λμν|ρ}_k ) + + ∂^α∂^{[λ} N̄^{μν]ρ|τ}_k σ_{ρτ} + σ^{α[λ} ∂_ρ ( ∂_βN̄^{μν]ρ|β} k − ∂^μN̄^{ν]ρσ|τ}_k σ_{στ} ) − − σ^{α[λ} ∂^ρ∂_ρN̄^{μν]σ|τ}_k σ_{στ} . (B.23)

– 56 – where all the bar quantities are invariant. Since α_k is invariant, it depends on t_{μνλ|α} only through the curvature and its derivatives, such that δ^Rα_k δt_{μνλ|α} = ∂_ξ∂_βΔ^{μνλξ|αβ} k , (B.24)

where Δ^{μνλξ|αβ} k has the mixed symmetry of the curvature tensor. The part from (B.23) involving N̄ has a form similar to that of the right-hand side of (B.24). Then, δL̄^{μνλ|α}_{k+1} must be expressed in the same manner, i.e., δL̄^{μνλ|α}_{k+1} = ∂_ξ∂_β Ω^{μνλξ|αβ}_k , (B.25) for a Ω with the mixed symmetry of the curvature. The equation (B.25) shows that for a given α the object L̄^{μνλ|α}_{k+1} belongs to H^{D−3}_{k+1} (δ|d). As H^{D−3}_{k+1} (δ|d) ≃ H^{D−2}_{k+2} (δ|d) ≃ H^{D−1}_{k+3} (δ|d) ≃ H^D_{k+4} (δ|d) (see [28], theorem 8.1) and H^D_{k+4} (δ|d) ≃ 0, the equation (B.25) implies that L̄^{μνλ|α} k+1 = δR^{μνλα}_{k+2} + ∂_ρU^{ρμνλα}_{k+1} , (B.26)

where U^{ρμνλα}_{k+1} is antisymmetric in ρ, μ, ν and λ.

Now, we prove the theorem in the case k ≤ D by induction. This is, we assume that the theorem is valid in antighost number (k + 4) and in form degree D, and show that it holds in antighost number k and in form degree D. In agreement with the induction hypothesis, R^{μνλα}_{k+2} and U^{ρμνλα}_{k+1} from (B.26) can be assumed to be invariant. On the other hand, L̄^{μνλ|α}_{k+1} must verify the mixed symmetry of the tensor field t^{μνλ|α}, i.e., L̄^{[μνλ|α]}_{k+1} = 0, which further implies that δR^{[μνλα]} k+2 + ∂_ρU^{ρ[μνλα]}_{k+1} = 0 . (B.27)

Acting with δ on (B.27), we obtain ∂_ρ ( δU^{ρ[μνλα]} k+1 ) = 0, such that δU^{ρ[μνλα]} k+1 = ∂_τ V^{ρτ μνλα}_k , (B.28) where V^{ρτ μνλα} k is separately antisymmetric in ρτ and μνλα. The equation (B.28) shows that for fixed ρ and α, U^{ρ[μνλα]}_{k+1} pertains to H^{D−3}_{k+1} (δ|d), that is finally found isomorphic to H^D_{k+4} (δ|d) ≃ 0, so U^{ρ[μνλα]}_{k+1} is trivial U^{ρ[μνλα]} k+1 = δW^{ρμνλα}_{k+2} + ∂_σ S^{μνλα|σρ}_{k+1} , (B.29) with S^{μνλα|σρ} k+1 having the mixed symmetry of the curvature tensor. Using again the induction hypothesis, we can assume that W^{ρμνλα}_{k+2} and S^{μνλα|σρ}_{k+1} are invariant. In order to reconstruct α_k through the homotopy formula (B.14), we need to compute δL̄^{μνλ|α}_{k+1} by means of formula (B.26), so eventually we need to calculate ∂_ρU^{ρμνλα}_{k+1} . In this respect we will use the equation (B.29) and the identity (that holds only for some tensor that is antisymmetric in its first four indices) U^{ρμνλα} k+1 = 1 4 ( U^{ρ[μνλα]} k+1 + U^{ν[αρλμ]} k+1 + 3U^{α[νρλμ]}_{k+1} + U^{λ[μναρ]}_{k+1} + U^{μ[ναρλ]}_{k+1} ) , (B.30)

– 57 – and obtain that ∂_ρU^{ρμνλα} k+1 = δW̃^{μνλα}_{k+2} + ∂_σ∂_ρ ( S^{λμνρ|σα} k+1 + E^{λμνρσα}_{k+1} ) , (B.31)

where E^{λμνρσα} k+1 = 1 4 ( S^{αρλμ|σν} k+1 + S^{ναρλ|σμ} k+1 + S^{μναρ|σλ} k+1 + S^{λμνα|σρ} k+1 − − S^{σρλμ|αν} k+1 + S^{νσρλ|αμ} k+1 + S^{μνσρ|αλ} k+1 + S^{λμνσ|αρ} k+1 ) . (B.32)

Obviously, E^{λμνρσα}_{k+1} is invariant as S^{αρλμ|σν}_{k+1} is invariant. By direct handling it can be shown that E^{λμνρσα}_{k+1} = E^{λμνρ|σα}_{k+1} in the sense that indeed it has the mixed symmetry of the curvature tensor. Denoting by S̃^{λμνρ|σα}_{k+1} the term S^{λμνρ|σα}_{k+1} + E^{λμνρ|σα}_{k+1} , it is simple to see that it is invariant and possesses the mixed symmetry of the curvature. Using the above notation and inserting (B.31) in (B.26), it results that L̄^{μνλ|α} k+1 = δR̃^{μνλα}_{k+2} + ∂_σ∂_ρS̃^{λμνρ|σα}_{k+1} . (B.33) With the help of (B.20)–(B.23) and (B.33), the formula (B.14) becomes

α_k = δ [∫_1 0 dτ ( Ḡ^α_{k−3}C^∗_α + K̄^{αβ}_{k−2}C^{′∗}_{αβ} + M̄^{μν|α}_{k−1} G^{′∗}_{μν|α} + + N̄^{μνλ|α}_k t^∗_{μνλ|α} + ( ∂_σ∂_ρS̃^{λμνρ|σα} k+1 ) t_{μνλ|α} )] + ∂_μσ^μ_k . (B.34)

The last term in the argument of δ can be written in the form ( ∂_σ∂_ρS̃^{λμνρ|σα} k+1 ) t_{μνλ|α} = − 1 8 S̃^{λμνρ|σα} k+1 F_{λμνρ|σα} + ∂_μϕ^μ , (B.35) so finally we arrive at

α_k = δ [∫_1 0 dτ ( Ḡ^α_{k−3}C^∗_α + K̄^{αβ}_{k−2}C^{′∗}_{αβ} + M̄^{μν|α}_{k−1} G^{′∗}_{μν|α} + + N̄^{μνλ|α}_k t^∗_{μνλ|α} − 1 8 S̃^{λμνρ|σα} k+1 F_{λμνρ|σα} )] + ∂_μψ^μ_k . (B.36)

We observe that all the terms from the integrand are invariant. In order to prove that the current ψ^μ_k can also be taken invariant, we switch (B.36) to the original form notation

α^D_k = δλ^D_{k+1} + dλ^{D−1}_k , (B.37)

(where λ^{D−1}_k is dual to ψ^μ_k ). As α^D_k is by assumption invariant and we have shown that λ^D_{k+1} can be taken invariant, (B.37) becomes

β^D_k = dλ^{D−1}_k . (B.38)

It states that the invariant polynomial β^D_k = α^D_k − δλ^D_{k+1}, of form degree D and of strictly positive antighost number, is d-exact. Then, in agreement with the theorem 1 in form

– 58 – degree D (see the paragraph following this theorem), we can take λ^{D−1}_k (or, which is the same, ψ^μ_k ) to be invariant.

In conclusion, the induction hypothesis for antighost number (k + 4) leads to the same property for antighost number k, which proves the theorem for all k ≥ 4 since we have shown that it holds for k > D. □ The most important consequence of the last theorem is the validity of the result (5.31) on the triviality of H^{inv} (δ|d) in antighost number strictly greater than four.

C. Elimination of (a_k)_{k>4} from the first-order deformation

In order to show that we can eliminate all a_k with k > 4 from the first order deformation (5.2) only by trivial redefinitions (or, in other words, that formula (5.34) is correct), we start from the equations (5.3)–(5.5) written in dual form notations

γa_I = 0 , (C.1) δa_I + γa_{I−1} = dm_{I−1} , (C.2) . . δa_k + γa_{k−1} = dm_{k−1} , (C.3) . . δa_1 + γa_0 = dm_0 , (C.4)

where agh (a_k) = k = pgh (a_k) for 0 < k < I and agh (m_k) = k, pgh (m_k) = k + 1 for 0 < k < I − 1. By hypothesis, we take I > 4. All a_k are D-forms and all m_k are (D − 1)-forms. We have seen that the solution to the top equation is

a_I = ∑ α_J ω^J , (C.5)

where all α_J are invariant polynomials with agh (α_J ) = I and the form coefficients of all ω^J are elements of pure ghost number I of a basis in the space of polynomials in F_{λμνα} and C_ν . Applying γ on (C.2) and using (C.1) we find that −d (γm_{I−1}) = 0, such that the triviality of the cohomology of d implies that

γm_{I−1} + dn_{I−1} = 0 , (C.6)

where agh (n_{I−1}) = I −1 > 0, pgh (n_{I−1}) = I +1, deg (n_{I−1}) = D−2. From the corollary 1, it follows that we can replace (C.6) with the equation

γm_{I−1} = 0 , (C.7)

and hence m_{I−1} = ∑ β_J ω^J , (C.8)

where all β_J are invariant polynomials with agh (β_J ) = I − 1 and pgh ( ω^J ) = I for all J.

Replacing (C.5) and (C.8) in (C.2), we find that ∑ ± (δα_J ) ω^J + ∑ ∓ (dβ_J ) ω^J = ∑ β_J dω^J − γa_{I−1} . (C.9)

– 59 –

According to the relations 5.18 and 5.24, we have that dω^J = γω̂^J (so β_J dω^J = γ ( β_Jω̂^J ) ), such that (C.9) becomes ∑ (±δα_J ∓ dβ_J ) ω^J = γ (∑ β_J ω̂^J − a_{I−1} ) . (C.10)

But both δα_J and dβ_J are invariant polynomials of antighost number (I − 1) > 0, and hence β^′_J = (±δα_J ∓ dβ_J ) is an invariant polynomial with the same antighost number. From (C.10) we obtain that the invariant polynomials β^′_J appearing in its left-hand side must vanish for all J β^′_J = ±δα_J ∓ dβ_J = 0 , for all J , (C.11)

since a term of the type β^′_J ω^J (with β^′_J invariant) is γ-exact if and only if it vanishes. Since by assumption agh (α_J ) = I > 4 and H_I (δ|d) = 0 for I > 4, from (C.11) we find that

α_J = δρ_J + dν_J , for all J , (C.12)

where agh (ρ_J ) = I + 1 and agh (ν_J ) = I. Relying now on the theorem 3, we get that we can take all ρ_J and ν_J to be invariant polynomials. Inserting now (C.12) in (C.5), after some direct computation we find that

a_I = ∑ (δρ_J ) ω^J + ∑ (dν_J ) ω^J = s (∑ ±ρ_J ω^J ) + d (∑ ±ν_J ω^J ) + γ (∑ ∓ν_Jω̂^J ) . (C.13)

Since a_I is unique up to trivial, γ-exact contributions, the last formula shows that a_I can be redefined by adding to it only trivial (and invariant) quantities such that

a_I = 0 . (C.14)

Inserting (C.14) in (C.2), the last equation becomes

γa_{I−1} = dm_{I−1} . (C.15)

where agh (a_{I−1}) = I − 1 > 0, gh (a_{I−1}) = 0 and deg (a_{I−1}) = D, so by corollary 1 it can be substituted by trivial redefinitions with the equation

γa_{I−1} = 0 . (C.16)

Reprising now exactly the same procedure like before, but in relation with the equation (C.16) and δa_{I−1} + γa_{I−2} = db_{I−2} , (C.17)

we find that we can take a_{I−1} = 0 by trivial redefinitions only. The elimination procedure stops at k = 4 in the tower (C.1)–(C.4) since for k = 4 we cannot pass from (C.11) to (C.12) as H_4 (δ|d) ≠ 0. In conclusion, we can replace a_k with a_k = 0 by trivial redefinitions for all k ≥ 5 in the tower (C.1)–(C.4), such that the first-order deformation can always be taken to end at I = 4 (formula (5.34)), with a_4 from H (γ), γa_4 = 0.

– 60 –

References

[1] T. Curtright, Generalized gauge fields, Phys. Lett. B 165 (1985) 304;

T.L. Curtright and P.G.O. Freund, Massive dual fields, Nucl. Phys. B 172 (1980) 413.

[2] C.S. Aulakh, I.G. Koh and S. Ouvry, Higher spin fields with mixed symmetry, Phys. Lett. B 173 (1986) 284.

[3] J.M.F. Labastida and T.R. Morris, Massless mixed symmetry bosonic free fields, Phys. Lett.

B 180 (1986) 101;

J.M.F. Labastida, Massless particles in arbitrary representations of the Lorentz group, Nucl. Phys. B 322 (1989) 185.

[4] C. Burdik, A. Pashnev and M. Tsulaia, On the mixed symmetry irreducible representations of the Poincaré group in the BRST approach, Mod. Phys. Lett. A 16 (2001) 731 [hep-th/0101201].

[5] Y.M. Zinoviev, On massive mixed symmetry tensor fields in Minkowski space and (A)dS,

hep-th/0211233.

[6] C.M. Hull, Duality in gravity and higher spin gauge fields, J. High Energy Phys. 09 (2001) 027 [hep-th/0107149].

[7] X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations of GL(D, R):

duality and Poincaré lemma, hep-th/0208058.

[8] X. Bekaert and N. Boulanger, Massless spin-two field S-duality, Class. and Quant. Grav. 20 (2003) S417 [hep-th/0212131]; On geometric equations and duality for free higher spins, Phys. Lett. B 561 (2003) 183 [hep-th/0301243].

[9] H. Casini, R. Montemayor and L.F. Urrutia, Duality for symmetric second rank tensors, II.

The linearized gravitational field, Phys. Rev. D 68 (2003) 065011 [hep-th/0304228].

[10] N. Boulanger, S. Cnockaert and M. Henneaux, A note on spin-s duality, J. High Energy Phys. 06 (2003) 060 [hep-th/0306023].

[11] P. de Medeiros and C. Hull, Exotic tensor gauge theory and duality, Commun. Math. Phys.

235 (2003) 255 [hep-th/0208155].

[12] X. Bekaert, N. Boulanger and M. Henneaux, Consistent deformations of dual formulations of linearized gravity: a no-go result, Phys. Rev. D 67 (2003) 044010 [hep-th/0210278].

[13] Y.M. Zinoviev, First order formalism for mixed symmetry tensor fields, hep-th/0304067.

[14] Y.M. Zinoviev, First order formalism for massive mixed symmetry tensor fields in Minkowski and (A)dS spaces, hep-th/0306292.

[15] A.K.H. Bengtsson, I. Bengtsson and L. Brink, Cubic interaction terms for arbitrarily extended supermultiplets, Nucl. Phys. B 227 (1983) 41.

[16] M.A. Vasiliev, Cubic interactions of bosonic higher spin gauge fields in AdS_5, Nucl. Phys. B 616 (2001) 106 [hep-th/0106200], erratum ibid. 652 (2003) 407.

[17] E. Sezgin and P. Sundell, 7D bosonic higher spin theory: symmetry algebra and linearized constraints, Nucl. Phys. B 634 (2002) 120 [hep-th/0112100].

[18] D. Francia and A. Sagnotti, Free geometric equations for higher spins, Phys. Lett. B 543 (2002) 303 [hep-th/0207002].

– 61 –

[19] G. Barnich and M. Henneaux, Consistent couplings between fields with a gauge freedom and deformations of the master equation, Phys. Lett. B 311 (1993) 123 [hep-th/9304057].

[20] W. Pauli and M. Fierz, On relativistic field equations of particles with arbitrary spin in an electromagnetic field, Helv. Phys. Acta 12 (1939) 297;

M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211.

[21] C.M. Hull, Strongly coupled gravity and duality, Nucl. Phys. B 583 (2000) 237 [hep-th/0004195].

[22] C.M. Hull, Symmetries and compactifications of (4,0) conformal gravity, J. High Energy Phys. 12 (2000) 007 [hep-th/0011215].

[23] H. Casini, R. Montemayor and L.F. Urrutia, Dual theories for mixed symmetry fields.

Spin-two case: (1, 1) versus (2, 1) Young symmetry type fields, Phys. Lett. B 507 (2001) 336 [hep-th/0102104].

[24] P.J. Olver, Differential hyperforms I, University of Minnesota Mathematics Report 82-101.

[25] M. Dubois-Violette and M. Henneaux, Generalized cohomology for irreducible tensor fields of mixed Young symmetry type, Lett. Math. Phys. 49 (1999) 245 [math.QA/9907135]; Tensor fields of mixed Young symmetry type and N complexes, Commun. Math. Phys. 226 (2002) 393 [math.QA/0110088].

[26] G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in the antifield formalism, II. Application to Yang-Mills theory, Commun. Math. Phys. 174 (1995) 93 [hep-th/9405194].

[27] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux, Inconsistency of interacting, multigraviton theories, Nucl. Phys. B 597 (2001) 127 [hep-th/0007220].

[28] G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in the antifield formalism, I. General theorems, Commun. Math. Phys. 174 (1995) 57 [hep-th/9405194]; Local BRST cohomology in gauge theories, Phys. Rept. 338 (2000) 439 [hep-th/0002245].

[29] M. Henneaux, Space-time locality of the BRST formalism, Commun. Math. Phys. 140 (1991) 1. [30] M. Dubois-Violette, M. Henneaux, M. Talon and C.-M. Viallet, Some results on local cohomologies in field theory, Phys. Lett. B 267 (1991) 81.

– 62 –